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Abstract

This thesis focuses on the development and analysis of Riemannian optimization meth-
ods for solving multiterm linear matrix equations, when the associated linear operator
is symmetric positive definite. Assuming low-rank approximability of the solution, we
employ first- and second-order Riemannian optimization algorithms on low-rank matrix
manifolds. By alternating between fixed-rank Riemannian optimization and rank up-
dates, we devise a rank-adaptive algorithm that does not require fixing the rank a priori.
To enhance competitiveness with existing solvers on realistic problems, significant efforts
are dedicated to developing efficient Riemannian preconditioners.

In the initial part of the thesis, we detail the application of preconditioned Rieman-
nian optimization algorithms to multiterm linear matrix equations, using an energy-
norm-based cost function. We provide a detailed analysis of global and local convergence
guarantees, extending them to the preconditioned case by interpreting Riemannian pre-
conditioners as metric changes. Additionally, we propose the use of the projected Eu-
clidean Hessian as a model Hessian for the Riemannian Trust-Region algorithm, proving
that this retains local quadratic convergence to the exact solution of the multiterm linear
matrix equation, if it is on the manifold, along with notable computational advantages
over the Riemannian Hessian.

Our focus then shifts to the development of effective Riemannian preconditioners
derived from dominant terms in the equation. We contribute with exact and approximate
preconditioners based on terms of generalized Sylvester type. Significant attention is
paid to ensuring efficient application of the preconditioner.

In numerical experiments, we illustrate the effectiveness of the developed Riemannian
preconditioners, comparing our approach with established solvers such as Conjugate
Gradient with truncation. Results indicate that the Riemannian optimization approach,
in both its fixed-rank and rank-adaptive variants, is competitive with other solvers and
can avoid excessive growth of intermediate ranks.

Key words: multiterm linear matrix equations, Riemannian optimization, Rieman-
nian preconditioning, matrix manifolds, low-rank.
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Résumé

Cette theése se concentre sur le développement et l'analyse de méthodes d’optimisa-
tion riemannienne pour résoudre des équations matricielles linéaires & plusieurs termes,
lorsque 'opérateur linéaire associé est symétrique et défini positif. En supposant une ap-
proximabilité de bas rang de la solution, nous utilisons des algorithmes d’optimisation
riemannienne du premier et du second ordre sur des variétés de matrices de bas rang. En
alternant entre I’optimisation riemannienne a rang fixe et les mises a jour de rang, nous
concevons un algorithme adaptatif au rang qui ne nécessite pas de fixer le rang a priori.
Pour améliorer la compétitivité par rapport aux solveurs existants sur des problémes
réalistes, des efforts significatifs sont consacrés au développement de préconditionneurs
riemanniens efficaces.

Dans la partie initiale de la theése, nous détaillons ’application d’algorithmes d’op-
timisation riemannienne préconditionnés aux équations matricielles linéaires a plusieurs
termes, en utilisant une fonction cotit basée sur la norme énergétique. Nous fournissons
une analyse détaillée des garanties de convergence globale et locale, les étendant au cas
préconditionné en interprétant les préconditionneurs riemanniens comme des change-
ments de métrique. De plus, nous proposons l'utilisation de 1’hessien euclidien projeté
comme hessien modele pour I’algorithme de Riemannian Trust-Region, démontrant ainsi
qu’il conserve une convergence quadratique locale vers la solution exacte de I’équation
matricielle linéaire a plusieurs termes, si celle-ci se trouve sur la variété, en plus d’offrir
des avantages computationnels notables par rapport a ’hessien riemannien.

Notre attention se tourne ensuite vers le développement de préconditionneurs rie-
manniens efficaces dérivés des termes dominants dans 1’équation. Nous contribuons avec
des préconditionneurs exacts et approximatifs basés sur des termes de type Sylvester
généralisé. Une attention particuliere est accordée a garantir une application efficace du
préconditionneur.

Dans des expériences numériques, nous illustrons l'efficacité des préconditionneurs
riemanniens développés, en comparant notre approche a des solveurs établis tels que le
gradient conjugué avec troncature. Les résultats indiquent que ’approche d’optimisation
riemannienne, dans ses variantes a rang fixe et adaptatives au rang, est compétitive avec
d’autres solveurs et peut éviter une croissance excessive des rangs intermédiaires.

Mots-clés : équations matricielles linéaires a plusieurs termes, optimisation rieman-
nienne, préconditionnement riemannien, variétés de matrices, bas rang.



Sommario

Questa tesi si concentra sullo sviluppo e sull’analisi di metodi di ottimizzazione Rieman-
niana per la risolutione di equazioni matriciali lineari multitermine, quando 'operatore
lineare associato e simmetrico definito positivo. Supponendo che la soluzione sia appros-
simabile a rango basso, utilizziamo algoritmi di ottimizzazione Riemanniana del primo e
secondo ordine su varieta di matrici a rango basso. Alternando tra ottimizzazione Rie-
manniana a rango fisso e aggiornamenti di rango, sviluppiamo un algoritmo adattivo al
rango che non richiede il fissare il rango a priori. Per migliorare la competitivita su pro-
blemi realistici rispetto agli altri risolutori, dedichiamo sforzi significativi allo sviluppo
di precondizionatori Riemanniani efficienti.

Nella parte iniziale della tesi, dettagliamo ’applicazione di algoritmi di ottimizzazio-
ne Riemanniana precondizionati a equazioni matriciali lineari multitermine, utilizzando
una funzione costo basata sulla norma energia. Forniamo un’analisi dettagliata delle
garanzie di convergenza globale e locale, estendendole al caso precondizionato interpre-
tando i precondizionatori Riemanniani come cambiamenti di metrica. Inoltre, propo-
niamo 1'uso dell’Hessiano Euclideo proiettato come Hessiano modello per I'algoritmo di
Riemannian Trust-Region, dimostrando che questo preserva la convergenza quadrati-
ca locale alla soluzione esatta dell’equazione matriciale multitermine, se questa ¢ sulla
varieta, insieme a notevoli vantaggi computazionali rispetto all’Hessiano Riemanniano.

11 nostro focus si sposta quindi sullo sviluppo di precondizionatori Riemanniani ef-
ficaci derivati dai termini dominanti nell’equazione. Contribuiamo con precondiziona-
tori esatti e approssimati basati su termini di tipo Sylvester generalizzato. Prestiamo
particolare attenzione a garantire un’applicazione efficiente del precondizionatore.

Negli esperimenti numerici, illustriamo 'efficacia dei precondizionatori Riemanniani
sviluppati, confrontando il nostro approccio con risolutori consolidati come il gradiente
coniugato con troncamento. I risultati indicano che I'approccio di ottimizzazione Rie-
manniana, sia nelle sue varianti a rango fisso che adattive al rango, ¢ competitivo con
altri risolutori e puo evitare una crescita eccessiva dei ranghi intermedi.

Parole chiave: equazioni matriciali lineari multitermine, ottimizzazione Rieman-
niana, precondizionamento Riemanniano, varieta di matrici, rango basso.
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Chapter 1

Introduction

The focus of this work is the approximate solution of multiterm linear matriz equations
of the form
A1 XB +A3XBg +---+ A XB/ =F, (1.1)

where A; € R™™ B; € R™™ for ¢ = 1,...,£ are known coefficient matrices,
F= FLFI—%r € R™*™ is a known right-hand side with F;, € R™*"F Fr € R™" "F, and
X € R™*" is the unknown. We refer to (1.1) as multiterm Sylvester equation [Sim16].

A specific instance is the multiterm Lyapunov equation

¢
AXMT + MXA" =Y N XN/ = F, (1.2)
=1

where A, M, N; € R™" and F = F| € R™". Notably, if X, € R™" is a solution of
(1.2), so is X, ; hence, if the solution is unique, it is also symmetric. Applications of
multiterm linear matrix equations span various domains, including but not limited to
stochastic and parametrized PDEs [PSS17; LPS14; BG13; KS11a; KT11; PE09], bilinear
and stochastic control problems [BB13; BD11; Dam08; Dam04; Won68; Kle69], time-
dependent PDE-constrained optimization problems [SB15], fluid-structure interaction
problems [WBR20], all-at-once discretization of time-dependent PDEs [Pal21; MPW18§],
and matrix-based discretization of PDEs [PS16; HS21].

For ¢ = 2 multiterm Sylvester equations (1.1) reduce to generalized Sylvester equa-
tions AXD' + EXB' = F. This reduction encompasses the well-known standard
Sylvester equation AX + XBT = F. Similarly, multiterm Lyapunov equations include
both the generalized Lyapunov equation AXM " + MXA"T = F and the standard Lya-
punov equation AX + XA" = F. Due to their widespread applications, (generalized)
Sylvester and Lyapunov equations have been extensively studied in the literature. For
comprehensive surveys, we refer to [Sim16; BS13].

Equation (1.1) is a linear equation in X defined by the linear operator

A:R™™ 5 R™M . AX = A1XB] + Ay XBy +---+ A XB/. (1.3)



1.1. Preconditioned Riemannian optimization

We confine our focus to the symmetric positive definite (SPD) scenario, i.e., we assume
that A is a SPD linear operator. This assumption enables us to reformulate (1.1) in the
form of an optimization problem:

1
Xgle}mf(X) ._§(AX,X>—(X,F). (1.4)
This formulation is well-known for being equivalent to minimizing the A-induced norm
of the error || X — A1 F|| 4, as discussed in detail in Section 4.1.1.

Additionally, we consider scenarios with large and sparse coefficient matrices. Despite
the sparsity of the coefficient matrices, the solution is in general full. Consequently,
explicitly computing and storing in memory an m x n full matrix X becomes impractical
for large sizes m,n. However, in many applications the singular values of the solution
X, exhibit strong decay, making X, suitable for a low-rank approximation X, ~ YW
where Y € R™*" W € R™" and » <« m,n. This property enables the development
of low-rank algorithms, relying on computing and storing solely the thin factors Y and
W. Our method is based on preconditioned Riemannian optimization on the smooth
Riemannian manifold of (low) rank-r matrices.

1.1 Preconditioned Riemannian optimization

To obtain the "optimal" rank-r approximation of the solution, we consider a constrained
version of the optimization problem (1.4), namely

Xngl}arf(X) where M, ={X € R™*" : rank(X) = r}. (1.5)
Rather than resorting to conventional techniques for constrained optimization, we ex-
ploit that M, is a smooth Riemannian manifold and apply methods from Riemannian
optimization [AMSO08; Bou23a; Sat21].

Riemannian optimization extends classical Euclidean optimization techniques to op-
erate on smooth Riemannian manifolds. Instead of treating (1.5) as a constrained opti-
mization problem in R™*" we reinterpret it as an unconstrained optimization problem
on the curved Riemannian manifold M,. This necessitates the generalization of Eu-
clidean optimization algorithms to enable optimization on such curved, smooth mani-
folds. All the methods we consider fit into the retraction-based framework of Riemannian
optimization, which is illustrated in Figure 1.1. Given the current iterate X, the basic
idea is to compute a tangent direction ¢ € TxM,, where Tx M, denotes the tangent
space at X to M,. The next iterate is then found by moving along a curve starting
from X with an initial velocity of £. A retraction R represents a smooth choice of such
a curve, with respect to X and £&. Within this framework, we can generalize standard
Euclidean optimization algorithms, including gradient descent (GD) [Bou23a; AMS08],
nonlinear conjugate gradient (NLCG) [Sat21; Sat22], and the trust-region (TR) method
[ABGO7; AMSO08; Bou23al.



1.2. Contributions and outline of the thesis

Figure 1.1: Illustration of the retraction-based framework in Riemannian optimization.

Low-rank Riemannian optimization has proven successful in various problem do-
mains, including matrix completion/recovery [Vanl3; DKM10; GA22; UV15; Tan+14],
linear regression [Mey11; Mey11; Mis+14], algebraic Riccati equations [MV14], phase re-
trieval [HGZ17], relaxation of sparse PCA and maximum-cut problems [Jou+10]. More
pertinent to our focus are applications in solving generalized Lyapunov equations [VV10;
Van10] and linear systems with tensor-product structure [KSV16]. The primary aim of
this thesis is to apply similar techniques to multiterm linear matrix equations.

Similar to standard iterative methods for the solution of linear systems, precondition-
ing is essential to accelerate the convergence of Riemannian optimization when dealing
with ill-conditioned problems. As observed in [KSV16; VV10], the ill-conditioning of
the operator A results in a similarly ill-conditioned Riemannian Hessian. Analogous
to optimization on Euclidean spaces, this ill-conditioning hampers the convergence of
first-order line-search methods and increases the number of inner iterations required for
computing (approximate) Newton-like steps via iterative methods. This highlights the
necessity of preconditioning. Two categories of Riemannian preconditioned methods are
employed in this work: those relying on the application of the inverse of a Riemannian
preconditioner derived from an approximation of the Riemannian Hessian, as seen in
[KSV16; VV10; BA15]; and those based on the explicit modification of the manifold’s
metric, possibly influencing also its parametrization, as explored in, e.g., [MS16; NS12;
MS14; KM16]. Our study connects and integrates both approaches, also in combination,
to derive effective Riemannian preconditioners from dominant terms in A.

1.2 Contributions and outline of the thesis

In Chapter 1, we introduced the problem of solving multiterm linear matrix equations
and presented a brief overview of the fundamental ideas of preconditioned Riemannian



1.3. Notational Conventions

optimization. A literature review on low-rank methods for multiterm linear matrix
equation follows, with a focus on Conjugate Gradient (CG) with truncation as our
primary competitor, given the assumed positive definiteness of A.

Chapters 2 and 3 form the foundation for preconditioned Riemannian optimization.
Chapter 2 introduces fundamental concepts of Riemannian geometry and presents the
embedded geometry of fixed-rank matrices. Chapter 3 covers (preconditioned) Rieman-
nian optimization algorithms, drawing on well-established results from [Bou23a; AMS08;
VV10; Sat21]. The presentation style and topics chosen are intended to prepare for
applying Riemannian optimization to multiterm linear matrix equations. Section 3.4 in-
troduces Riemannian preconditioning, defining preconditioned Riemannian algorithms.

Chapter 4 focuses on applying Riemannian optimization to multiterm linear matrix
equations. It defines the cost function, and details computationally efficient calcula-
tions for cost, Riemannian gradient, and Riemannian Hessian. The chapter discusses
local and global convergence guarantees, emphasizing a result on local quadratic conver-
gence of Riemannian Trust-Region with local model based on the projected Euclidean
Hessian. Additionally, it outlines a rank-adaptive algorithm obtained by alternating
between fixed-rank Riemannian optimization and rank updates.

Chapter 5 presents our main contributions: computationally efficient methods for
applying Riemannian preconditioners derived from dominant terms in A, of the form
PX =FEXD or PX =AXD+ EXB, where A, B, D, E are symmetric positive definite
matrices of size compatible with X. This chapter addresses challenges posed by precon-
ditioners where X is surrounded on both sides by coefficient matrices, compared to the
one-sided counterparts PX = EX and PX = AX + X A discussed in [VV10; KSV16].
For PX = EXD, we detail the exact inversion of the corresponding Riemannian precon-
ditioner and discuss the geometry of fixed-rank matrices as a Riemannian submanifold of
R™*" endowed with the metric induced by P. For PX = AXD + EX B, we propose an
exact inversion method and an approximation using an Altering-Direction-Implicit-like
iteration on the tangent space, when exact inversion is too computationally expensive.

Chapter 6 briefly extends the developed techniques to fixed-rank positive semidefinite
matrices.

Chapter 7 evaluates the proposed algorithms through numerical experiments on three
representative model problems. It demonstrates that two-sided preconditioners signifi-
cantly accelerate convergence of Riemannian optimization, making it competitive with
established solvers such as CG with truncation and MultiRB.

Finally, Chapter 8 summarizes the thesis, highlighting key contributions and sug-
gesting potential future developments.

1.3 Notational Conventions

We introduce essential notational conventions for use throughout this thesis. Additional
conventions will be introduced during the thesis’s development, with the primary ones
summarized in the section Notation.
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The notation .4 designates the linear operator (1.3). Matrices are denoted by capital
letters, even when considered as points on a manifold. For matrices A and B of the
same size, (A, B) = tr(AT B) represents the Frobenius inner product. The Frobenius
norm is denoted as ||-[|p. If A € R™*™ with m > n, we denote its singular values as
o1(A) > -+ > 0,(A), with the shorthand o1 > --- > 0, when the matrix is clear from
context. For a square matrix A € R™*" A(A) denotes its spectrum, p(A) its spectral
radius, £(A4) = ||A| ||A7!|| the condition number with respect to a generic matrix norm
|I]l, and k2(A) the condition number in the 2-norm. If the spectrum of A is real, we
use A\j(A) > --- > A\, (A) to denote the eigenvalues. Similar notations apply to linear
operators.

We denote by £ a finite dimensional Euclidean space, and with (-, -) its inner product.
If £:& — & is a symmetric positive definite linear operator, with respect to (,-),
we denote (z,y), = (Lx,y) the inner product induced by £ and ||z|, = /{(z,z),
the corresponding norm. We denote by M a smooth embedded submanifold of £. In
the following, when referring to a "manifold", we always mean a smooth embedded
submanifold. TxM represents the tangent space to M at X € M, Nx M the normal
space, and TM the tangent bundle of M. Tangent vectors are typically denoted by the
Greek letters € and 7. We use Projy and Projx to indicate the orthogonal projection
to Tx M and NxM, respectively. If M is a Riemannian manifold, (-,-)y denotes the
Riemannian metric on Tx M, and ||-||x represents the corresponding induced norm. If
the Riemannian metric coincides with the metric of the embedding space £, we refer to
M as a Riemannian submanifold.

1.4 Introduction to low-rank approximations and low-rank
methods

1.4.1 Singular value decomposition and low-rank approximations

One of the fundamental tools we will leverage is the Singular Value Decomposition
(SVD). We recall that for a matrix X € R"™*™ an SVD always exists and is defined as
follows.

Definition 1.1 (Singular Value Decomposition [GV13, Theorem 2.4.1]). Let X € R™*".
There exist orthogonal matrices U € R™*™ 'V € R™"  and singular values o1 > o9 >
-+ >0, >0, where p = min{m, n}, such that

X=UxvV",  ¥=diagoy,...,0,) € R™" (1.6)

In the definition above, if rank(X) = t, then o¢y; = --- = 0, = 0. Thus, using
MATLAB’s notation one can write

X =U(:,1:t)diag(oy,...,00)V(:,1:1)". (1.7)
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We will refer to (1.7) as thin SVD or, with a slight misuse of nomenclature, simply as
SVD. The SVD enables the computation of the best approximation with rank lower than
or equal to r of a matrix, with respect to any unitarily invariant norm.

Theorem 1.2 (Eckhart-Young-Mirsky [HJ12; MIR60]). Let X € R™*™ with SVD
X =UXV". Then for any unitarily invariant norm |-

in | X-Y|=|X-0U%V' 1.8

Lmin X =Y = X U5 (18)

where U, and V, are the matrices obtained from the first r columns of U and V, re-

spectively, and X, denotes the leading r x v submatriz of 3. Furthermore, for the 2-

norm it holds | X — U,.%, V. ||la = 0r11, and for the Frobenius norm || X — U.X,. V. ||r =
\/JEH + -+ 02, p=min{m,n}.

The truncation at rank 7 of the SVD of a matrix is referred to as the rank-r Truncated
Singular Value Decomposition (TSVD). It is noteworthy that the matrix X, = U, %, V,"
attains the minimum (1.8), but it is not the unique minimizer if o, = 0,41 > 0. Fur-
thermore, the best approximation of rank ezactly r coincides with (1.8) if rank(X) > r
and is not well-defined if rank(X) < 7.

1.4.2 Low-rank methods for multiterm linear matrix equations

The effectiveness of low-rank methods for multiterm linear matrix equations depends on
the low-rank approximability of the solution X, i.e., the property that X, as singular
values decaying rapidly to zero. Concerning standard Sylvester and Lyapunov equations,
results on the low-rank approximability of the solution are available when the right-hand
side F' has low rank [BT19; TW18; MPR18; BES15; ASZ02; Pen00a]. In the realm
of multiterm linear matrix equations, low-rank approximability is frequently observed
in practice when F' has low rank, but existing theoretical results rely on restrictive
conditions on the coefficient matrices [BB13; Jar+18]. In the subsequent discussion, we
assume that the solution X, to (1.1) is low-rank approximable, where the definition of
"low" depends heavily on the specific example. We now illustrate some low-rank methods
in the literature for solving multiterm linear matrix equations.

1.4.2.1 Matrix-oriented applications of standard iterative methods
The multiterm matrix equation (1.1) can be equivalently reformulated as
l
Kvec (X) =vec(F), K:= (ZBﬂ@Ai) € Rmnxmn (1.9)
i=1

where vec : R™*" — R™” ig the vectorization operator, i.e., it stacks the columns of a
matrix, and B; ® A; is the Kronecker product of B; and A;. As noted already in [Lan70],
this transformation to a matrix-vector equation allows the use of standard iterative
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methods for linear systems. Indeed, the Kronecker structure of K can be exploited
to perform matrix-vector products with K without explicitly assembling C, only using
matrix-matrix products with the A;’s and the B;’s. However, a first limitation of this
approach is the O(mn) memory requirement needed to store the vectors in R™" i.e.,
the vectorization of m x n matrices, which becomes unfeasible for large-scale problems.
To (partially) address these issues, given the assumed low-rank approximability of the
solution, a frequently employed technique is to keep iterates and auxiliary matrices in
low-rank format and apply low-rank truncation after operations that increase the rank.

Given that we restricted our study to the positive definite case, we present a low-
rank version of the Conjugate Gradient (CG) method [HS52], possibly preconditioned,
as introduced in [KT11; BB13; KPT14]. The CG with truncation algorithm is outlined
in Algorithm 1. Aside from the truncation operations, which will be detailed later, it
follows the standard CG method. The key difference lies in keeping the iterates Xp
and auxiliary vectors Ry, Pk, Zi, and @y in low-rank format. For instance, if A is the
operator (1.3) and is applied to X = Yx Wy with Yy € R™*"™x Wy € R™"X the result
is

T
AX:{AlyX AEYX} [Blwx BZWX} )

which is kept in factored format. Similarly, inner products and linear combinations of
X and Z = YZWZT with Yz € R™*"2 W, € R"*"2 are computed as

(X, 2) = tr (YxW3)T (Y2 Wz)) = tr (W Wx)(Y{ V7)),

T
aX +BZ = [aYX ﬁYZ} [WX WY} .

The truncation operator 7 compresses the factorization of a matrix X = YW T
with Y € R™X W e R™X into X = YW with ¥ € R™7 W e R"™" and
7 < rx. The compression ensures that the error | X — X||r satisfies either an absolute
bound || X — X|p < €aps or a relative one || X — X||p < €| X||p. For this purpose
a TSVD is employed. We compute the thin QR factorizations ¥ = Qy Ry and W =
Qw Ry, followed by a singular value decomposition of the rx x rx matrix RyR;/[r/ =
Udiag(oy,...,0.,)V". The truncation rank 7 is determined as the smallest integer

satisfying

Vo2 402, < eabs to ensure || X — X||p < €aps, or, (1.10)

02+ ...0% <eay/oi+...02  toensure | X — X||F < gal| X|lp.  (1.11)
Using MATLAB’s notation, Y and W are computed as
Y = QyU(:,1: 7)diag(y/o1,...,\/07), W =QwV(,1:7)diag(y/a1,...,/0r).

The overall cost is O((m + n)r%) flops, primarily dominated by the cost of computing
the two QR factorizations.
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Algorithm 1 Preconditioned Conjugate Gradient with truncation

Input: Positive definite linear operators A, P : R™*" — R™*" acting on matrices in
low-rank format, right-hand side F' in low-rank format, truncation operator 7.

Parameters: Tolerance tol > 0, parameters of the truncation operator.

Output: Matrix X € R™*" in low-rank format, satisfying || AX — F|| < tol

1: Set Xo=0, Ry =F, Zy = P_lRo, Py=2y, Qo= AR

2: g = <P0,Q0>, k=20

3: while |Ry|| > tol do

4: W = <Rk,Pk> /Oék

5. Xpg1 = Xp +wp Py Xit1 < T(Xg11)

6: Ryi1 =B — AXj1 Optionally: Ry1q + T(RkJrl)
T L1 = P_le+1

8 B =—Zk+1,Qk) [k

9: Pei1 = Zpq1 + BrPy Pe1 < T (Pry)

100 Qi1 = APqa Optionally: Qpi1 < T (Qr+1)
1 o1 = (Preg1, Qi)

12: k=k+1

13: end while

14: X = X},

For truncation of the iterates X, a relative criterion is typically employed. However,
as noted in [KPT14], using only a relative criterion also for truncating the residual would
lead to unnecessarily high ranks in the last steps of CG, when the residual is expected to
be very small. Therefore, it is preferable to use a mixed criterion, truncating Ry = 7 (R}
to ensure

|1Ry, — Rillr < max{€abs - || Rollg , €ret - || Rl } (1.12)

for user-defined tolerances €,ps, €rel. Similar truncation criteria are also adopted for
truncation of P, and Q.

Truncation operations are arguably the most expensive part of an iteration of CG
with truncation. As observed in [KS15|, there is evidence [KT11] that an effective
preconditioner is needed not only to improve convergence speed, as for the standard CG
method, but also to avoid excessive growth of the rank of intermediate iterates, thus
reducing the per-iteration computational effort.

In the case where A is not SPD, similar principles can be used to formulate matrix-
oriented versions of various standard iterative methods for linear systems. Notably, these
methods include BiCGStab [KT11; BB13] MINRES [SB15], GMRES and FOM [PK21].

1.4.2.2 Other methods

Projective methods Another class of solvers for multiterm linear matrix equa-
tions is obtained by generalizing the so-called projective methods, originally designed for
standard Sylvester and Lyapunov equations [Sim16, § 4.4.1 and § 5.2.1]. In these meth-
ods, a sequence of subspaces Vi, C R™ and Wy, C R" is constructed. Taking Vj, € R™*Pv
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and W, € R™*Pv whose columns form an orthonormal basis of Vi, and W, respectively,
an approximate solution of the form Xj; = VkYkWJ is sought. The p, X p, matrix
Y}, often referred to as the reduced solution matriz, is determined by imposing that the
residual Ry = AXy — F satisfies the Galerkin orthogonality condition VkTRka = 0.
This results in the projected multiterm linear matrix equation

J4
> (Vi AVi)Yi(Wy BiW) T = (V' Fr) (W) Fr)',
=1

where the coefficient matrices have a reduced size p, X py, but are dense rather than
sparse. Note that if the size of the matrices is strongly unbalanced, one can project on
one side only, e.g., if m > n, one can set Wy, = I, for all k, as done in [PSS17]. To solve
the projected multiterm matrix equation, direct or iterative methods can be applied,
depending on the size.

The critical aspect of projective methods is how to generate the spaces Vi and Wy
so that X} is a good approximation of the solution, without the dimensions p,, p,, of
the spaces growing too large, and how to compute numerically an orthonormal basis
for them. In the case of standard Sylvester and Lyapunov equations, among the most
common choices are extended Krylov subspaces [Sim07; KS11b] and rational Krylov sub-
spaces [DKS11; DS11]. Generalizing these spaces to the multiterm case is not straight-
forward, as one could potentially generate extended or rational Krylov spaces with any
of the matrices Ai,..., Ay and By, ..., By, or even combine them. However, it is crucial
that the dimension does not grow too much. For examples of the application of pro-
jective methods to multiterm equations, along with the corresponding generation of the
subspaces Vi and Wy, we refer the reader to [PSS17; Jar+18].

Fixed-point iterations and related methods For generalized Lyapunov equa-
tions, assuming the existence of a convergent splitting of the multiterm Lyapunov oper-
ator, a fixed-point iteration has been proposed in [Dam08], and a closely related bilinear
Alternating Direction Implicit (ADI) iteration has been introduced in [BB13]. Another
approach, discussed in [SSS16], combines a fixed-point iteration with projective meth-
ods. Similar techniques could also be employed in solving multiterm Sylvester equations.
However, these methods suffer from the limitation of relying on the existence of a con-
vergent splitting, a condition that often lacks in examples of multiterm linear matrix
equations.

Methods based on alternating optimization Another category comprehends
methods based on alternating optimization techniques, where the factors ¥ € R™*"
and W € R™ " in the X = YW low-rank decomposition are obtained by alternately
optimizing for one and then the other. These methods are particularly suitable when
the error function to be minimized is convex in each of the two factors V' and W, but
not jointly convex. Such techniques are known as Alternating Linear Schemes (ALS)
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or Alternating Energy Minimization (AEM) methods, depending on the type of norm
being minimized. Fixed-rank versions have been applied to matrix completion problems
in [HHO09; JNS12]. Rank-adaptive versions, based on successive rank-one updates of the
approximate solution, are integral part of the Proper Generalized Decomposition (PGD)
method for solving parametrized PDEs [Nou08; NoulO; TLN14]. Addressing general
multiterm matrix equations, a low-rank method based on greedy rank-one updates via
ALS and Galerkin projection was proposed in [KS15]. This approach was later extended
in [BR19] with a focus on the case of generalized Lyapunov equations. Additionally, an
AEM method for multiterm matrix equations was introduced in [Lee+20], concentrating
on the positive definite case and proposing efficient procedures to enhance the accuracy
of the solution through rank-one updates.

Sherman-Morrison-Woodbury formula Finally, we mention that, a matrix-
oriented version of the Sherman-Morrison-Woodbury formula has been employed in
[HS21].

1.4.2.3 Advantages and drawbacks of low-rank Riemannian optimization

As anticipated, the herein employed methods are based on Riemannian optimization
techniques. An approach based on fixed-rank Riemannian optimization offers the ad-
vantage of inherently preventing the growth of intermediate ranks, a phenomenon often
encountered in CG with truncation. Moreover, the approximate solution is updated
solely as a point of the manifold M,., irrespective of its representation and storage in
memory in factorized form. This is in contrast to the alternating optimization of the
low-rank decomposition factors in ALS/AEM and the separate generation of orthogonal
bases for the Span of the rows and columns in projective methods. However, determining
the rank r a priori may not be straightforward. This limitation can be addressed, at least
partially, with rank-adaptive strategies that alternate between fixed-rank optimization
and rank updates [GA22; Zho+16; UV15].

10



Chapter 2

Riemannian optimization over
fixed-rank matrices

As mentioned earlier, we will recast the approximate resolution of (1.1) as an optimiza-
tion problem on a manifold, i.e., a problem of the form minxeaq f(X), where M is a
smooth manifold and f : M — R is a smooth cost function. The main focus of this
chapter is to introduce essential tools from Riemannian geometry that prove useful for
optimization on manifolds, drawing mainly from N. Boumal’s book [Bou23a]. Follow-
ing this, we will delve into the Riemannian structure of fixed-rank matrices, the main
manifold for the problem at hand.

Throughout this chapter, we assume the reader is familiar with the basics of Rie-
mannian geometry. Regarding the results known in the literature, we will provide proofs
only for those necessary for the development and understanding of the thesis, supplying
references for the rest.

2.1 Basic tools for Riemannian optimization

2.1.1 Riemannian gradient and Hessian

The first and foremost ingredient of gradient-based optimization methods is the notion
of gradient. Moreover, second-order methods, such as Newton’s method or the Trust-
Region method, require the notion of Hessian. As a first step towards optimization on
manifolds, these notions need to be adapted to the Riemannian setting. Before delving
into that, let us recall the definition of smooth extension of a smooth map between
manifolds.

Definition 2.1 (Smooth extension). Let M and N be embedded submanifolds of the
Euclidean spaces £ and F, respectively. Let f : M — N be a smooth map. A smooth
extension of f is a smooth map f : U — F such that U is a neighborhood of M in &
and f(X) = f(X) for all X € M. We also write f = ?/\/t'

11
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Proposition 2.2 ([Bou23a, Proposition 3.31]). 4 map f : M — N between embedded
submanifolds is smooth if and only if it admits a smooth extension.
2.1.1.1 Riemannian gradient

We start by recalling the definition of Riemannian gradient, with a particular focus on
Riemannian submanifolds.

Definition 2.3 (Riemannian gradient). Let f : M — R be a smooth map on a Rieman-
nian manifold M. The Riemannian gradient of f is the unique vector field gradf such
that

Df(X)[¢] = (grad f(X),§) x  V(X,&) € TM.

Riemannian submanifolds We recall a that Riemannian submanifold of a FEuclidean
space is a Riemannian manifold where the Riemannian metric matches the metric of the
ambient space. In case M is a Riemannian submanifold, the Riemannian gradient can
be computed from the Euclidean gradient of any smooth extension.

Proposition 2.4 ([Bou23a, Proposition 3.61]). Let f : M — R be a smooth map on a
Riemannian submanifold M of a Fuclidean space £. The Riemannian gradient of f is

gradf(X) = Projx (gradf(X)) (2.1)

where f is any smooth extension of f, and Projy : £ — Tx M is the orthogonal projec-
tion to the tangent space at X.

Proof. By definition of Riemannian gradient of f and Euclidean gradient of f, for all
& € Tx M it holds:

(grad f(X),&) = Df(X)[§] = Df(X)[¢] = (gradf(X),§) = (Projx (gradf(X)), &),

where in the last equality we crucially used that & € TxM. The thesis follows by
uniqueness of the Riemannian gradient. O

2.1.1.2 Riemannian Hessian

Definition 2.5 (Riemannian Hessian). Let f : M — R be a smooth map on a Rie-

mannian manifold M. The Riemannian Hessian of f at X € M is the linear map
Hessf(X) : Tx M — Tx M defined as

Hessf(X)[{] = Vegradf Vé e Tx M,

where V s the Levi-Civita connection.

Remarkably, and analogously to the Euclidean case, the Riemannian Hessian is a
symmetric operator, with respect to the Riemannian metric [Bou23a, Proposition 5.15].

12
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Riemannian submanifolds In case M is a Riemannian submanifold, the Rieman-
nian Hessian of f is obtained by projecting to the tangent the differential of a smooth
extension of gradf. However, this does not coincide with the composition of projection
to the tangent with the Euclidean Hessian of f: we need to add a correction term which
comes from the Fréchet differential of the projection operator in (2.1). This is formalized
by the following two prepositions.

Proposition 2.6 ([Bou23a, Corollary 5.16]). Let f : M — R be a smooth map on a
Riemannian submanifold M of a Euclidean space £. Let G be a smooth extension of
gradf. Then the Riemannian Hessian of f at X € M is

Hessf(X)[¢] = Projy (DG(X)[g]) ¥ € TxM. (2.2)

Proposition 2.7 ([Bou23a, Corollary 5.47]). Let f : M — R be a smooth map on a
Riemannian submanifold M of a Euclidean space €. Let f be any smooth extension of
f. Then the Riemannian Hessian of f at X € M 1is

Hessf(X)[¢] = Projx (Hessf(X)[f]) + Proj (Dg(gradf(X)))

= Projx (Hessf(X)[¢]) + D¢ (Projx (grad f(X))) , 2

for all £ € Tx M, where D¢ is the differential of X +— Projyx at X along &.

Proof. Tt can be shown, e.g., using orthonormal local frames, that the map X — Projy
is a smooth map from M to L(&,E), the linear space of linear maps from & into itself.
Let ¢ be any smooth curve on M such that ¢(0) = X and ¢(0) = £. Denoting as % the
covariant derivative induced by the Levi-Civita connection V:

Hessf(X)[€] = Vegrad f(X) = Vo ogradf(e(0) = gradf(c(t))

dt
)

. (gradf(X))) + Projy (Pron ((igradf(c(t))

t=0

= Projx (iPFOJC(t) (gradf(c(t)))

.o (dg
= Projx ( &PrOJC(t)

= Proj (De(gradf(X))) + Projx (Hessf(X)[€])

=)

To conclude, observe that differentiating the identity Proj.) = Proj.y) o Proj.) and
evaluating at t = 0 yields D¢ = Projy o D¢ + D¢ o Proj y, which can be reorganized as
Projy o D¢ = D o PronX. O

Remark 2.8. Intuitively, the differential of the projection operator measures how
the tangent spaces of M, 'bends" in the embedding space.  Indeed, the term
D¢(Projx (grad f(X))) can be related to the curvature of the manifold; for a more pre-
cise statement, refer to [Abs+09, § 6]. We will frequently denote Dg(Projx (grad f(X)))
as the curvature term in the Riemannian Hessian. Additionally, note that this term
depends solely on the normal component of gradf(X).

13
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2.1.2 Moving along curves and necessary optimality conditions

Gradient descent on FEuclidean spaces performs updates X, = X 4+ av, where
v = —gradf(X). On manifolds, updates of this form are not possible because the gra-
dient at X is a tangent vector £ € Tx M and the sum X + «f is not a point on the
manifold, in the general case. Instead of moving along straight lines, the idea will be
to move along curves. It is therefore natural to question how the value of the objective
function varies along curves, at least locally. A Taylor expansion suits our needs.

Proposition 2.9 ([Bou23a, § 5.9]). Let f : M — R be a smooth map on a Riemannian
manifold M. Let ¢ : I CR — M be a smooth curve on M such that ¢(0) = X and
d(0) = &. Denote by % the covariant derivative induced by the Levi-Civita connection

V and let ¢'(0) = %c’(t)‘t_o be the intrinsic acceleration of ¢ at 0. Then it holds

Flet)) = FX) 4 (grad f(X),€) ¢ + O(F) (2.4
2
— F(X) + £ {grad f(X), €) x + % (Hess f (X)[€], €) x +
2

t (2.5)
+ 5 amad (), &/(0)) + O

By moving along curves, we can also define first- and second-order critical points of
a smooth map. Analogously to the Euclidean setting, being a critical point is necessary
condition for being a local minimizer, and by imposing additional second-order require-
ments one can obtain sufficient conditions for local optimality. This is summarized in
the following definition and propositions.

Definition 2.10. Let f : M — R be a smooth map on an embedded submanifold M. A
point X € M is critical (or first-order critical) for f if (f o ¢)'(0) = 0 for any smooth
curve ¢ on M such that ¢(0) = X.

Furthermore, X € M is second-order critical for f if it is critical for f and
(foc)"(0) >0 for any smooth curve ¢ on M such that ¢(0) = X, and it is strictly
second-order critical if it also holds (f o ¢)”(0) > 0 for any smooth curve ¢ on M such
that ¢(0) = X and ¢(0) # 0.

Proposition 2.11 ([Bou23a, Proposition 6.2]). Let f : M — R be a smooth map on an
embedded submanifold M. Any local minimizer of f is a second-order critical point of
f- In particular, it is also a first-order critical point.

Proposition 2.12 ([Bou23a, Proposition 6.5]). Let f : M — R be a smooth map on
an embedded submanifold M. Any strict second-order critical point of f is a strict local
minimizer of f.

Remark 2.13. Due to the result in Proposition 2.12, strict second-order critical points
are often referred as non-degenerate local minimizers. We will also often adopt this
nomenclature.
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The notion of a critical point is formulated on generic manifolds, without requiring
a metric. However, on Riemannian manifolds, the Taylor expansion allows us to charac-
terize critical points in terms of the Riemannian gradient and Hessian, as summarized
in the following proposition.

Proposition 2.14 ([Bou23a, Proposition 6.3, 6.6]). Let f : M — R be a smooth map
on a Riemannian manifold M. Then X € M is a first-order critical point of f if and
only if grad f(X) = 0. Moreover, X € M is a (strict) second-order critical point of f if
and only if gradf(X) =0 and Hessf(X) = 0 (Hessf(X) > 0).

2.1.3 Retractions

In the same spirit as in the previous section, we want to generalize updates of the type
Xy = X+, € € TxM, by moving along curves. Instead of performing one step of
length « along the straight line ¢ — X + t£ originating from X with velocity &, we can
move along a curve ¢ : R — M such that ¢(0) = X and ¢(0) = £&. However, there
may be many curves that satisfy this property. Defining a retraction means choosing a
particular curve for each pair (X,¢), in a way that varies smoothly with (X, &).

Definition 2.15 (Retraction). Let M be an embedded submanifold. A retraction is a
map

R:TM — M, R(X,§) =Rx(§)

such that:

i. there exists U open subset of TM such that R : U — M is smooth and (X,0) € U
for all X € M;

ii. for every (X,€&) € TM the curve c(t) = Rx(t§) satisfies ¢(0) = X and /(0) =¢&.

Remark 2.16. In the previous definition, the first requirement allows the retraction to
be defined only locally, for tangent vectors sufficiently close to zero, which is typically
enough for optimization purposes, as gradient-based steps should not be too large. The
second requirement is equivalent to Rx(0) = X and DRx(0) = idt, pm, and it is often
referred to as local rigidity.

As already mentioned, retraction-based optimization algorithms perform steps of the
form X = Rx(af), where £ € TxM is a tangent vector. Thus, we are interested in
investigating the behavior of the objective function f along particular curves: those
obtained by retraction as ¢(t) = Rx(t§). We start by studying the first-order Taylor
expansion of the pullback by R of f to the tangent space at X

fx = foRx:TxM =R, (2.6)

Observe that f x is defined on a linear space, and it is smooth around 0 € T x M.
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Proposition 2.17 ([Bou23a, Proposition 3.59]). Let f : M — R be a smooth map on a
Riemannian manifold M, and let R be a retraction on M. Then, for oll X € M

grad fx (0) = grad(f o Rx)(0) = gradf(X) (2.7)

and
Fx(€) = F(Rx(8)) = F(X) + (grad f(X), &) x + O([€1I%)- (2.8)

Proof. Tt suffices to observe that D(f o Rx)(0)[¢] = Df(Rx(0))[DRx(0)[¢]] = Df(X)[¢]
and use the definitions of Euclidean gradient for fx and Riemannian gradient for f. [

We can now move to a second-order expansion of fX. However, in the general case,
Hess fx (0) # Hessf(X). Indeed, the Taylor expansion of fx(t€) = f(Rx(t£)) in (2.5)
contains an extra term, involving ¢”(0), which has order t? and depends on the retraction.
This motivates the definition of second-order retractions.

Definition 2.18 (Second order retraction). A second-order retraction R defined on a
Riemannian manifold M is a retraction for which, given any (X,§) € TM, the curve
c(t) = Rx (t€) satisfies ¢’ (0) = 0.

Proposition 2.19 ([Bou23a, Proposition 5.44]). Let f : M — R be a smooth map on a
Riemannian manifold M, and let R be a retraction on M. If X is a critical point of f,
then

Fx(€) = FRx(€) = F(X) + 5 (Hessf(XE) € + Oel%). (29
If R is second-order, then for every X € M it holds

A

Fx(€) = FRx(€)) = F(X) + {grad f(X), &) + 5 (Hessf(X)[E]. &) + O(E]%). (2:10)

Proposition 2.20 ([Bou23a, Proposition 5.45]). Let f : M — R be a smooth map on
a Riemannian manifold M, and let R be a retraction on M. If the retraction is second
order or if X is a critical point of f

Hessfx (0) = Hess(f o Rx)(0) = Hessf(X). (2.11)

When we introduced the idea of retraction, our intention was to generalize steps along
straight lines. The generalization of straight lines to manifolds are the geodesics. It is
therefore natural to ask what is the relationship between retractions and the Riemannian
exponential map. It can be shown that retractions are those maps that agree with the
Riemannian exponential up to and including the first order [AM12, Proposition 2]. In
particular, the Riemannian exponential is a retraction. Moreover second-order retrac-
tions are those maps that agree with the Riemannian exponential up to and including
the second order [AM12, Proposition 3].

Metric projection retractions and Riemannian submanifolds In a sense, re-
tractions map back tangent vectors onto the manifold. For an embedded submanifold
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2.1. Basic tools for Riemannian optimization

M of a Euclidean space &£, a natural way to associate a point in £ with a point on
the manifold M is through the metric projection, i.e., taking the closest point on M
with respect to the norm induced by the metric of £. One may wonder whether metric
projection is a suitable method for retracting tangent vectors. It turns out that metric
projection, on its domain of definition, actually defines a retraction. In addition, such a
retraction is second-order if M is a Riemannian submanifold. We formalize this in the
next definitions and propositions. For a proof, we refer the reader to [Bou23a, § 5.12]
and the references therein.

Proposition 2.21. Let M be an embedded submanifold of a Euclidean space £. For a
given' Y € £ the metric projection of Y to M is the (possibly empty) set

Proju(Y) = {X € M : [ X = Y| = jnf 2 Y]}

Let Q) C & be the interior of the domain where Proj, is single-valued. Then
i. § is open, not empty and M C €);

it. The restriction Proj,, : @ — M is smooth and DProj,(X) = Projx for all
X e M.

Proposition 2.22 (Metric projection retraction). With the same notation as in Propo-
sition 2.21, let O be the subset of TM defined as

O={(X,)ETM : X +£€Q}.

Then, O is open in TM, it contains all pairs (X,0) € TM and the metric projection
induces a retraction on O as

R:0 =M, R(X,€) =Rx(€) = Projy (X +€). (2.12)

This s called metric projection retraction.
If M is a Riemannian submanifold of £, the metric projection retraction is second-
order.

2.1.4 Transporters

Suppose that we want to generalize a method such as a nonlinear conjugate gradient,
where the search direction at the k-th step is defined by & = —grad f(Xy)+ Bx€k—1. The
first obstacle that we encounter in a Riemannian setting is that §,_; € Tx, M lies in
a different tangent space from & and gradf(Xx): we need to somehow transport it to
the tangent space at Xj, in a meaningful and smooth way. From a purely theoretical
point of view, the most suitable tool would be parallel transport (also called parallel
translation) [Bou23a, § 10.3]. However, computing the parallel transport is too expensive
in practice, and less costly versions are needed. For this reason, the notion of transporter
was introduced [HGA15; Bou23a].
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2.2. Embedded geometry of fixed-rank matrices

Definition 2.23 (Transporter). Let M be an embedded submanifold. The disjoint union

of linear maps between the tangent spaces of M
L(TM,TM)={(X,Y,L) : X,)Y e M and L : TxM — Ty M is linear},

is itself a manifold [Bou23a, Proposition 10.60]. LetU C M x M be open and containing
the diagonal. A transporter on U is a smooth map

T:L{—>£(TM,TM), T(X,Y):TY(_X

such that Ty x : TxM — Ty M is linear and Tx . x is the identity.
Proposition 2.24. [Bou23a, Proposition 10.66] Let M be an embedded submanifold of
a Buclidean space €. A transporter on M x M is given by

Ty .x = PI"ij|TXM :TxM — Ty M, VX,Y € M. (2.13)

The notion of transporter can be linked to that of vector transport, which is more
used to prove convergence results, such as in [Sat21; Sat22]. We refer the reader to
[Bou23a, § 10.5].

2.2 Embedded geometry of fixed-rank matrices

We now want to make explicit the Riemannian geometry tools defined in Section 2.1
for the manifold of fixed-rank matrices. We can assume without loss of generality that
m > n. Again, we stress that our target is the case r < m,n. This section consists of
facts known in the literature, and is mainly based on [Bou23a, § 7.5] and [Vanl3]. We
start by recalling that fixed-rank matrices are indeed an embedded submanifold.

Proposition 2.25. Given m > n, the set M, = {X € R™*" : rank(X) =r} is an
embedded submanifold of R™*™ for every 0 < r < n. Moreover, dim M, = r(m+n—r).

Let us denote the Stiefel manifold [Bou23a, § 7.3] as
St(p,7) = {X e RP*" : X' X =I,}.
Using the (thin) SVD one can write
M, ={USVT U € St(m,7), V € St(n,7), © = diag(e:), 01 > -+ > 0, > 0} . (2.14)

In the following, when we write X = ULV | we always mean the SVD of the matrix X.

Proposition 2.26 (Tangent space). The tangent space Tx M, at X = UXV € M, is
given by

MK

TXMT == { [UUJ_} H 0

} VT H e R K e RO, H e RD<T) (2.15)
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2.2. Embedded geometry of fixed-rank matrices

where U, is such that [U UL} € R™™ s orthogonal, and V| is such that
[V VL] € R™™™ js orthogonal. Equivalently,

TxM, = {UMVT + U,V + UV, :
(2.16)
M € R, U, € R™",V, € R, UTU, = 0,V'V, = 0}.

Representing points and tangent vectors In order to be able to run optimization
algorithms, in practice, we first need to find a way to uniquely identify and store in
memory points of M, and tangent vectors. Storing full matrices, which are of size
m X n, is not feasible if m,n are very large. However, we are helped by the SVD (2.14)
and by (2.16). Instead of storing X € M, C R™*" it is convenient to store its SVD
factors (U, ¥, V), which take only O(rm +7rn+r?) < O(mn) memory. In the following,
we write X = (U, X, V) or X = USVT to mean that X is in practice represented by the
triplet (U, %, V). We point out that this is just a representation, it is not unique and
has no bearing on the geometry of M,..

With the same notation as in (2.16), once we have X € M, represented by its SVD,
to represent a tangent vector £ € Tx M, we only need to store the triplet of matrices
(M, Uy, V,), which are also small. When it is clear to which tangent space ¢ belongs, we
write £ = (M, Up, V,).

The metric and computing inner products At least for the moment, we consider

M, as a Riemannian submanifold of R™*" with the usual Frobenius inner product

(A,B) = tr (ATB). Observe that if X € M, is represented by the triplet (U, 3, V) and
¢, € TxM, are such that £ = (M,U,,V,),& = (M',U, V), then

(6, €)x = (& &) = (M, M) + (Up, Up) + (V, V},) (2.17)

can be computed as a sum of inner products of small matrices.

Orthogonal projectors We now give explicit formulas for calculating the orthogonal
projection to the tangent, with respect to the Frobenius metric.

Proposition 2.27. Consider X = USV " € M, and let us define
Py=UU", Py=VV', Py=1I,—-Py, P{H=1I,—Py. (2.18)
The orthogonal projection of Z € R™*™ to T x M,., with respect to the Frobenius metric,

s given by
Projx(Z) = PuZPy + P;ZPy + Py ZPy;, (2.19)
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2.2. Embedded geometry of fixed-rank matrices

which is represented by

M=U"2zv,
U,=2ZV — UM, (2.20)
V,=Z'U-VM'.

Proof. From (2.15), the normal space at X = UXV T is
NxM, ={U, YV, : Y e Rm7)x(n=m)
Thus, the orthogonal projection of Z to the normal space is
Projx(Z) = U U Z(V,.V]") = (I, -UU")Z(I,, — VV ") = P ZP,
and the orthogonal projection to its orthogonal complement T x M, is

Projy(X) = Z — Proj% (%) = Z — P5ZPi: = (Py + P)Z(Py + P:) — PHZP
= PyZPy + P ZPy + Py ZPy.

The formulas in (2.20) are straightforward calculations. O

Observe that, to efficiently compute the projection Projy(Z), one simply needs to be
able to efficiently apply Z and Z . For instance, this is the case if Z admits a low-rank
factorization.

Retraction As a retraction, we consider the metric projection retraction

Rx(§) =argmin | X +& - Y. (2.21)
YeM.,

As discussed in Section 2.1.3, it is a (locally) well-defined retraction, and it is second-
order if we consider M, as a Riemannian submanifold of R"*"™ with the Frobenius
metric.

By the Eckhart-Young-Mirsky theorem the metric projection to M,., when it exists,
is given by the rank-r TSVD. However, it is not well-defined on the whole R™*™ and
in particular it is not well-defined at Y if its r-th and (r 4 1)-th singular values coincide
(if o, = op41 = 0 the solution does not exist, if o, = 0,41 > 0 it is not unique). As a
consequence, the metric projection retraction is not well-defined on the whole tangent
bundle. Still, where it is defined it can be computed efficiently by exploiting that X + ¢
has rank at most 2r, if (X, §) € TM. Indeed, taking X = (U,X,V) and £ = (M, Up, V}),
it holds

X+ M I

X+E=UE+ MV +0,VT +UV, = [U UPH .

MV V| (2:22)
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2.2. Embedded geometry of fixed-rank matrices

One can first calculate thin QR decompositions
U U] =QuRs, [V V|=QvRy,

(assuming 2r < min{m,n}, otherwise the procedure is slightly changed) and then com-
pute the rank-r TSVD of the inner 2r x 2r matrix RU[E;M éﬂR‘T/ ~ UXV'. The
retraction is then

Rx(¢) = (QuU)Z-(QvVi) T = (QuU,, =, QvV;),

where U, and V, are the matrices obtained from the first r columns of U and V', respec-
tively, and 3, is the leading r x 7 submatrix of ¥.. As a final remark, observe that if one
needs to compute Rx (t£) for multiple values of ¢ and the same (X, §) € TM, the QR de-
compositions can be saved after the first retraction: it suffices to replace {E}FrM éf} with

[EEiM tOI:} A more careful analysis of the computational cost shows that subsequent

iterations can be up to 3 times faster [Bou23a, p. 164]. Still, the asymptotic complexity
stays the same, i.e., O((m + n)r?).

Transporter As a transporter we use the orthogonal projection restricted to the tan-
gent (2.13). An efficient implementation, using O((m + n)r?) flops, is described in
[Vanl3, Algorithm 6].

Gradient and Hessian: from Euclidean to Riemannian Since we consider the
manifold of fixed-rank matrices as a Riemannian submanifold of the ambient space R™*",
we know from Propositions 2.4 and 2.6 that the Riemannian gradient and Hessian of a
smooth map f : M, — R are closely related to the Euclidean gradient and Hessian of any
smooth extension f. In particular, gradf(X) = Projy(gradf(X)), for which formulas
can be deduced from Proposition 2.27, and the following holds for the Riemannian
Hessian.

Proposition 2.28. Let f : M — R be a smooth map, with smooth extension f to a
neighborhood of M, in R™*™. Consider X = ULV € M,., € € Tx M, represented by
the triplet (Mg, Ug, Vg), and let us denote Z = gradf(X), Z = Hessf(X)[&]. Then
Hess f(X)[¢] = Proj (Hessf(X)[g]) +
_ _ T
+ (Pheradf(X)Ves ™) VT + U (Pharadf(X)TUST) , (2.23)
which is represented by the triplet
M=U"2vV,
Up = PE (2V + 2Ve2 ™), (2.24)
V, =Py (27U +2TUn ).
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2.2. Embedded geometry of fixed-rank matrices

Proof. To be able to use (2.3), let us first work out an explicit expression for D, the
differential of X — Projy at X along £. Our goal is to construct a smooth curve on
M, such that ¢(0) = X, ¢(0) = &, and use that Dy = %Projc(tﬂt:o. Given that the
tangent to the Stiefel manifold at U contains the Span of the columns of U, [Bou23a,
eq. 7.20], consider a smooth curve U(t) on St(m, ) such that U(0) = U, U’(0) = UsZ 1.
Similarly, consider a smooth curve V (¢) on St(n, ) such that V(0) =V, V/(0) = VX!,
and finally take ¥(t) = ¥ 4+ tM. If we define c(t) = U(t)X(t)V (t) T, then c(t) € M, (for
t small enough), ¢(0) = X and ¢/(0) = &. For any Y € R™*" we can rewrite (2.19) as

Projoy (V) = Py YPva) + Pl Y Pry + PuwY Py

(2.25)
=YPv +Pu)Y —PuwYPv:

The derivative of Py ;) at time zero is

» d _ T
By = Pue| = GUOU0)

= U 'UT +USTU

d — T(OU(0)T + U0 (0)T
t=0

Similarly,
: d
Pvi= SPy| =VeS VIV
t=0

Taking the derivative of (2.25) at time 0:

d._ . . . .
Dg(Y) = aPch(t) (Y)‘ = YPV + PUY — PUYPV — PUYPV

= P4YPy 4+ PyY P
We can now use that Y = Projx (Z) = P ZP{, together with
PHUS U +USTUS ) = U,
PH(Ve VI + Vs ) = Vs v T,
to obtain
D¢ (Projx(2)) = (PEZVeS )V + U(PHZ U™

Along with (2.3), this allows to prove (2.23). The formulas in (2.24) follow from (2.19).
O

Note that to efficiently compute the Riemannian gradient and Hessian, one sim-
ply needs to be able to efficiently apply gradf(X), (gradf(X))", Hessf(X) and
(Hessf(X))T.

Remark 2.29. Notice the X1 factors in (2.24): if some singular values are close to 0,
computing the Riemannian Hessian requires solving an ill-conditioned (diagonal) system.
The factors X~ are due to the curvature term of the Riemannian Hessian, and are not
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2.2. Embedded geometry of fixed-rank matrices

present in the projection of the Fuclidean Hessian.

Even when the Euclidean Hessian is positive definite, and therefore also its compo-
sition with the projection to the tangent is positive definite, it is not necessarily the
case that the Riemannian Hessian is positive definite. The reason is in the additional
curvature term, which can render the Riemannian Hessian indefinite. The following
proposition characterizes the eigenvalues of the curvature term. See also [FL18, Theo-
rem 24].

Proposition 2.30. Let f : M, — R be a smooth function with smooth extension f. The
nonzero eigenvalues of the curvature term of the Riemannian Hessian at X € M,., i.e.,
TxM, 3§ Dy (Projﬁg(grad?(X))), are all possible products of the nonzero singular

values of Projx (gradf(X)) and the diagonal entries of =1, and their negatives.

Proof. With the same notation as in Proposition 2.28, let U, be such that [U UJ_:| €

R™*™ ig orthogonal, and V| be such that [V Vl} € R™*" is orthogonal. Then we can
write Ug = U By and V¢ = VLB‘—/r for By € R(™=")*" and By € R™*("=") Vectorizing

vec( M)
veo(§) = vee(UMVT + UV +UV) = [VoU VeU, VieU| |ve(By)
pe vec(By )

Denote the normal component of the gradient as Proj%(Z) = U, (U] ZV)V] =
U NV, and observe that the nonzero singular values of Projx(Z) are the nonzero
singular values of N. Moreover

vee (Dg (Projx(2)) ) = vee(PG2Ven VT + US™'U] ZPY)
= vec (U U 2Vi B~V 4 US~ (UL By) 2V, V] )

vee (ULNBYS VT + UST'BINV])

0 0 0 vec(Mg)
=W |0 0 ey (N @271 | | vee(By) |,
0 (N"® E_I)Hm_m 0 vec(By)

where IL,,,_,., € Rr(r=m)xr(r=m) ig the perfect shuffle matriz [Ros80], i.e., the matrix such
that vec(K ") = II,,,_,,vec(K) for all K € RU™ )% Therefore, after vectorization, in
the basis W the curvature term is represented by the matrix

00 0
cC=10 0 KT|, K=(N"exX O, .,
0 K 0

The eigenvalues of C' are 0 with multiplicity r?, and the singular values of K and their
negatives. Since II,,,_;, is a permutation matrix, the singular values of K are the singular
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values of NT®@%~1. To conclude, it suffices to observe that the nonzero singular values of
NT®X~! are all possible products of the nonzero singular values of N and the diagonal
entries of 1. I
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Chapter 3

Riemannian optimization
algorithms

In this chapter, we examine optimization algorithms for problems of the form
minxepr f(X), where M is a Riemannian manifold and f : M — R is a smooth cost
function. All the methods we consider fit into the retraction-based framework of Rie-
mannian optimization [AMS08; VV10; Bou23a|, that is, are based on updates of the
form

X1 = Rx, (&)

where R is a retraction on M and &, € Tx, M, is a tangent vector at X},. We specifically
consider the extension of line-search and trust-region methods to Riemannian manifolds.
Finally, we introduce the notion of Riemannian preconditioner as a change of the Rie-
mannian metric, allowing to easily define preconditioned Riemannian algorithms and to
extend convergence guarantees to the preconditioned case. Indeed, as it will be clear
from (4.8), an ill-conditioned operator A is likely to result in a Riemannian Hessian with
similar ill-conditioning. Analogous to the Euclidean case, an ill-conditioned Riemannian
Hessian worsens the convergence factor of first-order line-search methods and increases
the computational cost of computing (approximate) Newton-like steps via matrix-free
methods. Therefore, preconditioning becomes essential to accelerate the convergence of
ill-conditioned problems, as the ones of interest.

We particularly focus on Riemannian submanifolds, as they are most pertinent to
the current problem. However, much of the discussion remains applicable to generic
Riemannian manifolds, assuming sufficient regularity.

3.1 The notion of convergence

In utilizing iterative algorithms on M, it becomes crucial to precisely define conver-
gence. When referring to convergence, limit, and accumulation points of a sequence
{Xk},ji?) C M, we specifically mean in the topology of the manifold M. Embedded
submanifolds of Euclidean spaces are always Hausdorff, hence the limit is unique.
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Defining the convergence of an algorithm is a more delicate matter. Seeking a solution
to minxe g f(X), what we aim for is a global minimizer of f on M (assuming it exists).
However, this goal is in most cases unattainable, even in Euclidean optimization. Finding
local minimizers is also challenging, primarily because first- and second-order optimality
conditions (Proposition 2.11) are necessary but not sufficient conditions. Typically,
both in Euclidean and Riemannian optimization, the approach is to aim for minima,
but guarantee small gradients. Ideally, the iterates should also converge to a point. This
rationale underpins the following definitions of global and local convergence.

Definition 3.1 (Global convergence). Let f : M — R be a smooth function on a
Riemannian manifold M. An iterative method is globally convergent if, for any initial
point Xg, the sequence {Xk};i?) generated by the method is such that

Jim_[grad (X0, =0

Remark 3.2. Observe that the global convergence property does not guarantee conver-
gence of the iterates X to a critical point. What it does guarantee is that all accumu-
lation points are critical points.

Definition 3.3 (Local convergence). Let f : M — R be a smooth function on a Rie-
mannian manifold M. We say that an iterative method is locally convergent to X, € M
if there exist a neighborhood U of X, such that, if Xg € U for some K, then X, € U
forall k> K and X — X,.

In addition to the convergence of a sequence, understanding how quickly the sequence
converges is crucial. To address this, we recall the definition of R-convergence order on
metric spaces.

Definition 3.4 (Order of convergence, [Bou23a, Definitions 4.14, 4.15]). In a metric
space with a distance dist, a sequence {Xk};:"?) converges at least with order p > 1 to
X, if there exist positive reals {e}{>5 converging to zero such that dist(Xg, Xi) < e

and limg_, o E’;F = u for some finite p > 0.

If p =1, we say that the sequence converges at least linearly. Moreover, the infimum
over such p’s is termed the linear convergence factor. If this factor equals zero, the
convergence is labeled as superlinear.

If p = 2, we say that the sequence converges at least quadratically.

To make the notion of convergence order meaningful for optimization on Riemannian
manifolds, it is essential to clarify how to define a distance on a Riemannian manifold.
Here, we introduce a classical result concerning the Riemannian distance.

Proposition 3.5 ([Leel8, Theorem 2.55]). Let M be a Riemannian submanifold. A
smooth curve segment ¢ : [a,b] C R — M is called regular if ¢/(t) # 0, and piecewise
regular if there exists a finite set of times a = tg < t1 < --- < &, = b such that the
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restrictions c|j,_, 4, are regular. For any piecewise regular curve segment define the
length of ¢, denoted as L(c), as the integral of its speed Hc’(t)”c(t). For X, Y € M define

dist(X,Y) = iIgfL(c)

where the infimum is taken over all piecewise reqular curve segments on M which con-
nect X and Y. If M is connected, then dist is a distance on M, and it is called the
Riemannian distance. Moreover, with the distance function dist, M is a metric space
whose metric topology is the same as the manifold topology

If M is not connected, we can apply this result to each connected component of M
and assign dist(X,Y) = 400 if X and Y belong to different connected components.
However, in retraction-based optimization iterates are connected by retraction curves,
hence it is reasonable to restrict to connected manifolds only.

3.2 Line-search methods on manifolds

3.2.1 General framework

Line-search methods on Euclidean spaces perform updates
Xpy1 = Xi + ody, (3.1)

where d;. is often referred to as the search direction, and «y > 0 is the step-size. As
the nomenclature suggests, this type of update can be interpreted as moving in the
direction of d, i.e., along the line ¢ — X} + tdy, by a step of size ay. Given a manifold
M equipped with a retraction R, the update (3.1) gets generalized by selecting a search
direction &, € Tx, M and computing the next iterate as

X1 = Rx, (aré), (3.2)

i.e., moving by a step of size oy, along the curve t — c(t) = Rx, (t&), which by definition
of retraction has the property ¢/(0) := &. The general structure of a line-search method
on a manifold is summarized in Algorithm 2. Fully specifying such a method requires
choosing: a retraction R on M, a strategy for selecting the search direction ¢, € Tx, M,
and a strategy for computing the step-size ay. Setting aside, for a moment, the choice of
retraction and search direction, we now introduce a few possible strategies for step-size
selection, with a particular emphasis on Armijo backtracking.

3.2.1.1 Step-size selection and Armijo backtracking

Consider X € M and a search direction £ € Tx M. For the update X; = Rx(af) to be
meaningful, we need the objective function f to decrease along the curve ¢t — Rx(t£),
at least for sufficiently small steps. From the first-order Taylor expansion (2.8), this
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Algorithm 2 Line-search method on Riemannian manifolds

Require: Riemannian manifold M, smooth objective function f: M — R
Input: Retraction R, initial point Xg € M
Output: Sequence {X;} C M

1: for k=0,1,2,... do

2: Compute a search direction &, € Tx, M
3: Compute a step-size o > 0

4 Xpp1 = Rx, (o)

5: end for

happens if and only if £ is a descent direction for f at X, meaning

(gradf(X), &)y <0. (3.3)

Assuming £ is a descent direction, the optimal choice for « would be
a € argmin, o Rx(t£), known as an ezact line-search. However, an exact line-search
is usually not feasible in practice, and we settle for a to satisfy less stringent require-
ments that still ensure it is acceptable. We employ the Armijo-Goldstein condition,
which demands that the actual decrease in the objective function is at least a fraction r
of the decrease of the first-order approximation.

Definition 3.6 (Armijo-Goldstein condition). Let f : M — R be a smooth function on
a Riemannian manifold M equipped with a retraction R. Consider X € M and assume
that §& € TxM is a descent direction. Given a constant r €]0,1[, a step-size o > 0
satisfies the Armijo-Goldstein condition with constant r if

fRx(ag)) < f(X) +r-a(gradf(X), &) x - (3.4)

Note that the Armijo-Goldstein condition is always met for sufficiently small step-
sizes, if £ is a descent direction. To compute a step-size « satisfying it, the Armijo
backtracking line-search algorithm (Algorithm 3) is employed. Starting with an initial
step-size @ > 0, the algorithm reduces the tentative step-size by a factor 7 €]0,1] at
each step until condition (3.4) is satisfied.

As a final remark, we point out that the Armijo-Goldstein condition is a standard
choice in Riemannian optimization, used as the default also in [AMS08; Bou23al. For
completeness, it is worth mentioning that the Wolfe and strong-Wolfe conditions can also
be generalized to optimization problem on Riemannian manifolds [Sat21, § 3.5], but this
involves computing the differential of Rx at points other than the origin. Although we
know that, by definition of a retraction, the differential at the origin is the identity map,
it can be challenging and computationally expensive to compute it at points other than
the origin. For the manifold of fixed-rank matrices, formulas can be found in [DE99;
FL18], and the computational cost of a Wolfe line-search is not excessive, albeit greater
than that of Armijo backtracking. Nevertheless, for the sake of a simpler implementation,
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3.2. Line-search methods on manifolds

Algorithm 3 Armijo backtracking line-search on Riemannian manifolds

Require: Riemannian manifold M, smooth objective function f : M — R, retraction
R, point X € M, descent direction & € T x M

Parameters: r,7 €]0, 1[; we employ r = 10~% and 7 = 0.5

Input: Initial step-size o

Output: Step-size o > 0 satisfying the Armijo-Goldstein condition (3.4)

1: Set a =«

2: while f(Rx(af)) > f(X) +r-a(gradf(X),£) y do
3: AT -«

4: end while

5. return «

we opted to use the standard Armijo-Goldstein condition.

3.2.2 Riemannian gradient descent (R-GD)

Similarly to gradient descent in Euclidean optimization, Riemannian gradient descent
(R-GD) selects the negative gradient as the descent direction:

§p = —grad f(Xy), (3.5)

which represents the optimal search direction according to the first-order Taylor ex-
pansion (2.8) of the pullback. This choice leads to the following global convergence
guarantees.

Proposition 3.7 (Global convergence of R-GD). Let {X}}/2) C M be a sequence of
points generated by Riemannian gradient descent with Armijo backtracking. Assume that
the iterates are contained in a compact subset of M. Then limg_, 4o |lgrad f(Xg)| x, = 0.
In particular, if the sublevel sets {X € M : f(X) < ¢} are compact for all ¢ € R
Riemannian gradient descent with Armijo backtracking is globally convergent.

Proof. Analogous to the proof of [AMS08, Corollary 4.3.2]. O

The previous proposition provides guarantees about global convergence in the sense
of Definition 3.1. It is important to recall that this does not imply that the sequence
generated by R-GD converges to a point; rather, it implies that the accumulation points
of the sequence, if any, are critical points. Additionally, results in the literature typically
ensure, under suitable additional assumptions, convergence of the gradient norm to zero
as fast as 1/v/k [Bou23b, § 4.3-4.5], which is often pessimistic compared to what observed
in practice. To gain a better understanding of practical behavior, it is useful to examine
local convergence of R-GD.

Proposition 3.8 (Local convergence of R-GD, [AMS08, Theorem 4.5.6] and [Bou23a,
pp. 65-67]). Let X, € M be a non-degenerate local minimizer of f. Then Riemannian
gradient descent with Armijo backtracking is locally convergent to X, at least linearly.
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3.2. Line-search methods on manifolds

Moreover, |gradf(Xg)| y, also converges to 0, and f(Xy) converges to f(X), both at

least linearly.

It is also possible to provide an upper bound on the linear convergence factor of
R-GD. For precise statements, refer to [AMS08, Theorem 4.5.6] and [Bou23a, Theo-
rem 4.20]. In essence, the convergence factor is of the form u = 1 — ¢/k, where ¢
is a constant depending on the step-size selection procedure, and « = k(Hessf(X,))
denotes the condition number of the Riemannian Hessian at X,. This justifies our ear-
lier statement that an ill-conditioned Riemannian Hessian is expected to result in slow
convergence of R-GD.

3.2.3 Riemannian nonlinear conjugate gradient (R-NLCG)

In nonlinear conjugate gradient (NLCG) on Euclidean spaces, the search direction is
obtained through the formula

dp = —gradf(Xk) + Brdi—_1 (3.6)

where [ € R, and dy = —gradf(Xp). A potential rationale for this update stems from
considering the resolution of the system Ax = b with A € R™" symmetric positive
definite, which is known to be equivalent to finding the minimum of the quadratic
q:R" - R defined as ¢q(x) = %mTA:n — b'z. Applying gradient descent with cost
function ¢ corresponds to Richardson’s iteration [Ricll]. However, a better iterative
method for solving symmetric positive definite linear systems is the conjugate gradient
method [HS52], which performs updates that are equivalent to (3.6) with cost function
q and B, = |lgradq(X:)|1* / lgradg(X,_1)||?. Extending this logic to generic objective
functions f, akin to the superiority of conjugate gradient over Richardson’s iteration,
one can expect nonlinear conjugate gradient to outperform gradient descent, especially
near a non-degenerate minimizer, where f is approximately a strongly convex quadratic.
For calculating (5, in (3.6), various heuristic formulas exist, all of which are equivalent to
B = |lgradf(Xp)||* / |lgrad f(Xp_1)||? for f(z) = t2T Az —b'z, but differ when dealing
with general objective functions f. We refer to [HZ06] for an extended survey.

Riemannian Nonlinear Conjugate Gradient (R-NLCG) extends the nonlinear conju-
gate gradient method on Euclidean spaces to Riemannian optimization. The challenge
in this generalization lies in the fact that £ € Tx, , M and gradf(X}y) € Tx, M lie
in different tangent spaces, and cannot be summed. Transporters, introduced in Sec-
tion 2.1.4 for this very purpose, allow transporting &x_1 to the tangent at the current
iterate. The resulting search direction is given by:

&k = —grad f(Xg) + BrTx x50 (§r—1) (3.7)

for some [ € R. Notably, when 8 = 0, R-NLCG is equivalent to Riemannian GD. To
ensure that ¢ is a descent direction, if (gradf(Xy),&k)x, > 0, the search direction is
reset to the negative gradient & = —gradf(Xy). A pseudocode of R-NLCG is provided

30
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in Algorithm 4.

Algorithm 4 Riemannian nonlinear conjugate gradient

Require: Riemannian manifold M, smooth objective function f: M — R
Input: Retraction R, transporter T, initial point Xg € M
Output: Sequence {X;} C M

. Set &g = —grad f(Xo)

: Compute a step-size ag > 0

X1 = Rx, (o)

: for k=0,1,2,... do

Compute 8, € R

& = —grad f(Xy) + B Tx,exy (§r1)

if (gradf(Xx),&k)x, = 0 then > If & is not a descent direction
& = —gradf(Xy) > Reset to the negative gradient

end if

Compute a step-size oy > 0

X1 = Rx, (aréy)

: end for

© XN DG Wy

—= = =
Y =2

Compared to R-GD, the Riemannian nonlinear conjugate gradient method necessi-
tates a few additional tools - specifically, a transporter and a strategy for computing Sg.
A comprehensive survey of methods for calculating Sy is provided in [Sat22]. Among
various options, we selected the Hestenes-Stiefel modified rule [Sat22, § 6.2.2] due to its
superior experimental performance on the problem at hand. Denoting g := grad f(Xk)

B, = max (O,min(ﬁgs, B,?Y)> , (3.8)

where

2
l9elx, — <gk, TX,C<—X;€_1(9m1)>

BIICT-IS — Xk
<gk,TXkeXk71 (5k—1)>);k - <gk—17£k—1>Xk71 (3'9)
gbY — HngXk
=

<gk7TXk<—Xk_1(€k—l)> - <gk—1a§k—l>X,€,1‘

Xk

We point out that using a transporter for transporting the previous descent direction
to the current tangent space is nonstandard. Typically, vector transports, possibly
scaled, are employed for this purpose [Sat21; Sat22; AMS08]. Nevertheless, a transporter
defines a vector transport (see [Bou23b, § 10.5]), and for the manifold of fixed-rank
matrices it is suggested in [Vanl3; Bou+13] to use a transporter. Therefore, we opted
for a simpler presentation of R-NLCG using transporters.

Conducting a convergence analysis of nonlinear conjugate gradient is intricate, al-
ready on Euclidean spaces [GN92], and more so on Riemannian manifolds. Global
convergence guarantees for R-NLCG have been established in [SI15; Sat21; Sat22] but
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rely on a more complex version of R-NLCG than the one outlined in Algorithm 4. This
advanced version imposes stricter requirements on vector transport and a line-search
procedure enforcing the strong-Wolfe conditions, as described in [Sat21; Sat16]. Given
the satisfactory performance of Algorithm 4 in our numerical experiments, we carry on
with this simpler version of R-NLCG as an acceleration technique for R-GD, acknowl-
edging the absence of formal convergence guarantees.

3.3 Riemannian Trust-Region (R-TR)

The Riemannian Trust-Region (R-TR) method, originally introduced in [ABGO07], ex-
tends the classical Trust-Region method [CGTO00] to Riemannian manifolds. Unlike
line-search methods, R-TR does not involve first selecting a search direction and then
computing a suitable step-size. Instead, it computes the step directly from a quadratic
model for the pullback ka = foRx,.

The core concept of R-TR involves constructing a quadratic model
my, : Tx,M — R such that my, =~ ka in the vicinity of the origin. Recogniz-
ing that the model is only a local approximation of ka, it is trusted only in a ball
of radius Ay around the origin: the trust-region. A candidate step is proposed by
approximately minimizing mx, within the trust-region and is then accepted or rejected
based on the validity of the model, that is, assessing if the actual decrease of the
objective function aligns approximately with that predicted by the model. The radius
Aj of the trust-region may also be adjusted accordingly.

The model Let X € M be the current iterate. The best local quadratic model of the
pullback around the origin of T x M would be the second-order Taylor expansion

Fx(0) + {mradfx (0),€) -+ 3 (Hessfx (0)]e]. )

mx () :
= F(X) + (arad f(X), &) x + 5 (Hessfx (0)[e], )

X
Y

Note that, according to Proposition 2.20, if the retraction is second order
Hess fX(O) = Hessf(X). However, the computation of Hess fX(O) may be challeng-

ing for a general retraction R. For this reason, we consider a broader class of models
myx : TxM — R defined as

1

mx(€) = F(X) + (grad f(X), € +

(Hx[¢], £>X ) (3.10)

where there is no assumption on Hy : Tx M — TxM other than being a symmetric
linear operator. We will often refer to Hy as the model Hessian. We anticipate that the
global convergence of R-TR is essentially independent of the choice of Hx (as long as
its operator norm does not explode), while to achieve local superlinear convergence Hx
is required to be an "approximate Hessian", in a sense specified later.
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3.3. Riemannian Trust-Region (R-TR)

The Trust-Region subproblem (TRs) After defining the model through the selec-
tion of Hx, the computation of the candidate next iterate involves approximately solving
the Trust-Region subproblem (TRs)

i bject t <A. 3.11
i, (€ subject to ¢ < (3.11)
This inner problem is arguably the most computationally demanding part of the R-TR
algorithm. To solve it approximately, we use the Steihaug-Toint truncated conjugate
gradient (tCG) method [CGTO00, § 7.5.1]. The fundamental idea of tCG is to run CG
on the quadratic (3.10), defined on the Euclidean space T x M, and simultaneously:

1. stop if we would leave the trust-region {£ € Tx M : ||{||x < A}, either because we
detect that Hy has a negative eigenvalue (indicating that mx is unbounded below
on Tx M) or because the next iterate of CG would be outside the trust-region;

2. avoid spending too much time unnecessarily.

The tCG method is outlined in Algorithm 5 for generic quadratics on finite-
dimensional Euclidean vector spaces. =~ When reading it, consider (T,(-,-)) as
(TxM,(-,-)x), H = Hx and g = —gradf(X). Note that tCG is identical to CG,
except for lines 7 to 10 and lines 13 to 15, which both early stop the iterations. Until
entering the block (7-9), the directions p; generated by tCG are the same as CG. In
particular, for all 4 = 1,...,k — 1 the directions p; are H-conjugate and (p;, Hp;) > 0
holds. Hence, H is positive definite on Span(py,...,pr—1), and up to the (k — 1)-th
iterate tCG retains the same properties as CG. The if condition in line 7 is met in one
of the following two cases:

1. H is not positive definite, and we found a direction pg along which the quadratic
is unbounded below on T.

2. The next iterate 51': of CG would be outside the trust-region. Since the iterates
of CG grow in norm [CGTO00, Theorem 7.5.1], where in our case the norm is that
of the tangent space |||y, there is no hope of getting back inside the trust-region
with subsequent iterations.

In both cases, it makes sense to move away from & along pr as much as we can, i.e.,
until hitting the boundary of the trust-region (line 8). Regarding the stopping criterion
in (line 13), it is technical and serves to ensure superlinear convergence with order
min(1 4 6,2). The underlying idea is as follows: considering that the inner problem
(3.11) is just a means to an end, excessive time should not be spent trying to solve it
too accurately, especially when far from critical points (i.e., if ||ro|| = ||gradf(X)| y is
large), where Newton-like steps are often worse than GD-like steps. Conversely, if close
to a critical point (i.e., if ||rg|| = ||gradf(X)| y is small), it may be worth solving the
TRs accurately to achieve the local quadratic convergence typical of Newton’s method.
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Algorithm 5 Steihaug-Toint truncated conjugate gradient (tCG) method

Parameters: « > 0,6 €]0, 1]; common choices are k = 0.1 and § = 1

Input: Finite dimensional euclidean space (T,(-,-)), symmetric H : T — T, g € T,
radius A > 0

Output: Approximate minimizer of m(§) = % (&, HE) — (g,&) st €| <A

1: Set §o =0, 70 = g, po = 10
2: for k=0,1,2,... do
3: Compute Hpy > This is the only call to H

4: Compute (pg, Hpg)

50 appr = lrkll?/ (or Hpr)

6: & =&+ bk

7: if (pr,Hpr) <Oor [|{F]| > A then > if H has a negative eigenvalue or the
next CG step is outside the region

8: Set Eky1 = &k + tpr with ¢ > 0 s.t. [|§ppa]| = A > Hit the boundary

9: return &

10: end if

1 G =&

122 rgpg1 =71, — agp Hpg

13: if ||res1]| < |roll - min(||ro]|? , ) then > if the approx. solution is good enough

14: return &

15: end if

6 Bt = It/ el

178 Prg1 = Tk+1 + Brbk

18: end for

Final algorithm The Riemannian Trust-Region algorithm is outlined in Algorithm 6,
with pseudocode heavily inspired by [BA15, Algorithm 3]. Starting from the approx-
imate solution & € Ty, M of the TRs, a candidate next iterate X;5 = Rx, (&) is
proposed (line 4). If the actual decrease of the objective function is at least a frac-
tion p’ of the decrease predicted by the model (line 7), where p’ €]0, i[ is a parameter,
the candidate step is accepted and Xy = X ,j (line 8). Otherwise, it is rejected and
Xi4+1 = Xi (line 10). Finally, the trust region radius Ay gets: reduced if the model’s
prediction was too optimistic (lines 12 and 13), enlarged if the model’s prediction was
good but being constrained within the trust-region prevented further diminishing the
objective value (lines 14 and 15), and left unchanged otherwise.

3.3.1 Convergence

The convergence guarantees for Riemannian Trust-Region with tCG are discussed below,
with results that are slight modifications of [Bou23a, Proposition 6.25, Theorems 6.29,
6.30] and [AMS08, Theorems 7.4.2, 7.4.10, 7.4.11]. The formulations are adapted to
be more immediately applicable to the specific problem at hand. For more general
convergence results, the reader is referred to [Bou23a, § 6] and [AMS08, § 7.4].

We begin by discussing the global convergence of R-TR. Assuming that the model
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Algorithm 6 Riemannian Trust-Region (R-TR) method

Require: Riemannian manifold M, smooth objective function f: M — R
Parameters: Maximum radius A > 0, threshold p’ €]0,1/4[; x > 0,6 €]0, 1] for tCG
Input: Retraction R, initial point Xy, initial radius Ag €]0, A]

Output: Sequence {X;} C M

1: for k=0,1,2,... do

2: Pick Hx, : Tx, M — Tx, M to define the model (3.10)

3: Compute §, € Tx, M applying tCG (Algorithm 5) to the TRs (3.11)

4: Xt =Rx, (&) > Candidate next iterate

5 pr=f(Xg) — f(X;) > Actual improvement

6 pm = mx, (0) —mx, (&) > Model improvement

7 if pf/pm > p then > If the actual decrease is at least a fraction p’ of the
predicted one

8: Xpy1 = X,j > Accept the step

9: else > Otherwise

10: X1 = Xg > Reject the step

11: end if

12: if pr/pm < 1/4 then > If the model made a poor prediction

13: Agi1 = Ap/4 > Reduce the trust-region radius

14:  elseif ps/pm > 3/4 and ||&|| = Ay then > If the model was good, but
the region was too small

15: Agy1 = min(2Ag, A) > Enlarge the radius
16: else

17: Ak+1 = A

18: end if

19: end for

Hessians are uniformly bounded, we can state an analogue of Proposition 3.7.

Proposition 3.9 (Global convergence of R-TR with tCG). Let {X;}/2) C M be a
sequence of points generated by Riemannian Trust-Region with tCG (Algorithm 6). As-
sume that exists a constant co such that for all iterations k with ||grad f(Xy)|lx, > 0 it
holds

[Fix, I, < o (3.12)

where ||Hx, ||, denotes the operator norm of Hx, : Tx, M — Tx, M. Further-
more, assume that the iterates are contained in a compact subset of M. Then
limg— oo llgradf(Xk)lx, = 0. In particular, if (3.12) holds and the sublevel sets
{X e M: f(X) <c} are compact for all c € R, Riemannian Trust-Region with tCG is
globally convergent.

Proof. Combine [Bou23a, Proposition 6.25] and [Bou23a, Proposition 6.31]. Note that
[Bou23a, Proposition 6.31] is formulated for Hy = Hessfx (0), but we use it in [Bou23a,
Proposition 6.25] only to verify assumptions A6.5, A6.6 and A6.8, which are independent
of the model Hessian. O

35



3.3. Riemannian Trust-Region (R-TR)

Remark 3.10. Observe that (3.12) holds if the iterates are contained in a compact
subset of M and the map X — ||Hx| y is continuous on M.

Next, we delve into the local convergence properties of R-TR. Specifically, we discuss
the local convergence to a non-degenerate minimizer, which corresponds to an analogue
of Proposition 3.8.

Proposition 3.11 (Local convergence of R-TR with tCG). Let X, € M be a non-
degenerate local minimizer of f, i.e., gradf(X,) = 0 and Hessf(X4) > 0. Assume that
in a neighborhood of X, the model Hessian Hyx : Tx M — Tx M is positive definite and
X = |[Hy|lx, X = |[HY'|x are bounded. Then Riemannian Trust-Region with tCG is
locally convergent to X,.

Proof. Analogous of [AMS08, Theorem 7.4.10] using only local arguments. See Ap-
pendix A.1. O

Finally, to achieve local superlinear convergence it is required that Hy, is an "ap-
proximate Hessian", in the sense of the following proposition.

Proposition 3.12 (Superlinear convergence of R-TR with tCG). Let {X;}/%5 C M
be a sequence of points generated by Riemannian Trust-Region with tCG (Algorithm 6).
Assume that there exists a constant By such that

[Hx, —Hess(f o Rx,)(0)lx, < Bn llgradf (Xp)llx, » (3.13)

where |||y, denotes also the operator norm induced by ||||x, . Let Xy € M be a non-
degenerate local minimizer of f. If the sequence generated by the algorithm converges to
X, then there exists a constant ¢ > 0 and an index K € N such that for all k > K

dist(Xpp1, X,) < ¢- dist( Xy, X, )min0+0:2), (3.14)

where 6 > 0 is the parameter in the stopping criterion of tCG. Moreover, |lgrad f(Xg)| x,
also converges to 0, and f(Xy) converges to f(X,), both with order at least min(1+6,2).
In particular, with 0 = 1 convergence is at least quadratic.

Proof. Follows from [AMS08, Theorem 7.4.11], observing that [AMS08, (7.36)] always
holds if f : M — R is smooth, by [Bou23a, Lemma 10.57]. The statements about
the convergence of |[gradf(Xy)| y, and f(Xj) follow from [AMSO08, Lemma 7.4.8] and
Taylor’s theorem. O
3.3.2 R-TR with Riemannian Hessian

To approximate the Hessian of the pullback Hessfx (0) = Hess(f o Rx)(0), a natural
choice for Hyx is the Riemannian Hessian

Hx = Hessf(X). (3.15)
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As discussed in Section 2.1.3, in general Hessf(X) # Hess fX(O), but equality holds if
the retraction is second order or if X is a critical point (Proposition 2.20).

Convergence The choice Hx = Hessf(X) is particularly advantageous for the con-
vergence guarantees of R-TR. Assuming that the iterates are contained in a compact set
ensures that (3.12) is verified, by smoothness of f. Additionally, in a neighborhood of a
non-degenerate minimizer, all the assumptions on the model Hessian in Proposition 3.11
are satisfied, ensuring local convergence of R-TR. Moreover, (3.13) holds with 8y = 0
for all X € M if the retraction is second order, but interestingly it also holds locally in-
dependently of the retraction [AMSO08, § 7.5.1], with Sy possibly nonzero. This ensures
local superlinear convergence of R-TR with Riemannian Hessian.

3.3.3 R-TR with projected Euclidean Hessian

Consider a Riemannian submanifold M of a Euclidean space (&, (-,-)). As per Proposi-
tion 2.7,

Hessf(X)[¢] = Projy (Hessf(X)[¢]) + De (Projx(gradf(X)))

where f is a smooth extension, and D¢ is the differential of X +— Projy at X along {. We
can obtain a model Hessian for R-TR, by neglecting the curvature term, i.e., considering
the projected Euclidean Hessian

Hy = Projy o Hessf(X) = Projy o Hessf(X) o Projx : Ty M — TxM. (3.16)

Convergence With such a choice of the model Hessian, global convergence guarantees
continue to hold: (3.12) is verified if the iterates are contained in a compact set, by
smoothness of Projy and f. Similarly, local convergence to a non-degenerate minimizer
X is ensured by Proposition 3.11, as long as Projy, (Hessf(XQ) :Tx, M — Tx Mis
positive definite. On the other hand, we do not expect (3.13) to hold in general, given
that for a second-order retraction

[FLx, — Hess(f o Rx) (0)llx, = e (Proik, (erad (X)) -
ligrad f (Xl y, = I[Projx, (gradf(Xe))llx,,

and a priori there is no link between the normal and the tangent components of the
gradient. However, under suitable assumptions, (3.13) may still hold as long as the
normal component of the gradient is somehow controlled. We defer to Proposition 4.3
for a proof related to the problem at hand. In general, it is reasonable to expect that
the projected Euclidean Hessian serves as a viable approximation of the Riemannian
Hessian, leading to relatively rapid convergence, albeit not superlinear.
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3.4 Preconditioning

3.4.1 What preconditioning is and why it is needed

Let us again consider the resolution of Az = b, where A € R™*™ is symmetric positive
definite. As already discussed, this system is equivalent to minimizing the cost function

q(z) = %xTAx —b'z. (3.17)

Gradient descent with cost function ¢ corresponds to the Richardson iteration, while
nonlinear CG with cost function ¢ is equivalent to the conjugate gradient method. It is
well known that convergence of these methods is slower the higher x(A) [Saa03, Example
4.1 and § 6.11.3]. Let P € R™*" be a symmetric positive definite matrix with Cholesky
decomposition P = CTC. Consider the equivalent symmetric positive definite linear

system
Ay=> where A=c Tac  b=0C"Ty, (3.18)

after the change of variables y = Cz. The Richardson iteration applied to (3.18) is
k1 = Yk — a(Ayy — ) = yp — aC~ T (AC Ty — 1)

and on the variable 2 = C ™!y results in
Ty = T — apP YAz, — b) = x5, — g, P Lgradg(xy,), (3.19)

which is known as preconditioned Richardson iteration. This is equivalent to applying
gradient descent in R"™ endowed with the metric induced by P. Similarly, the precon-
ditioned conjugate gradient method is derived from applying CG to (3.18) and then
transforming back to x, or equivalently from applying nonlinear conjugate gradient with
cost function (3.17) in the metric induced by P. Both methods can be expressed solely in
terms of P~!, without needing to apply P or to know its Cholesky factorization [Saa03,
§ 9.2]. The advantage is that convergence now depends on x(C~TAC™!) = x(P~'A),
and if P~! is a good approximation of A~! one can expect P! A to be well-conditioned.

In the context of nonlinear optimization, preconditioned gradient descent involves
the search direction

dy, = —P(Xg) " grad f(Xy)

where P(X;) : € — &£ is an invertible linear operator, possibly symmetric pos-
itive definite.  Analogously, preconditioned nonlinear conjugate gradient employs
dp = —P(Xy) tgradf(Xy) + Brdr_1, with adjusted formulas for computing B (see
[HZ06, § 8]). An effective preconditioner P(X) is typically derived from an approx-
imation of the Hessian at X. This approach can be justified by the fact that the
convergence speed around a non-degenerate minimizer, where the function resembles
a strongly convex quadratic, depends on the condition number of the Hessian [WNOG,
Theorem 3.4].
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As a final remark, we point out that in numerical linear algebra a preconditioner
for a linear system Az = b can be any invertible matrix P € R™*™, where n is the size
of the system. In particular, it is not required for P to be symmetric positive definite.
However, we choose to focus on symmetric positive definite preconditioners as they can
be interpreted as a change of metric, and so lend themselves to be naturally extended to
the Riemannian framework. Additionally, even for linear systems, SPD preconditioners
are usually preferred if A is SPD, as it is the case with the linear operator A in our
scenario.

3.4.2 Riemannian projected preconditioned methods

Consider a Riemannian submanifold M of a Euclidean space £. Let f : M — R be a
smooth objective function, and let f be any smooth extension of f. The search direction
for Riemannian gradient descent is given by

& = —gradf(Xy) = Projx, (di),  dp = —gradf(Xy),

which is the projection to the tangent of the search direction d for gradient descent on £.
Given a preconditioner P(Xy), the search direction for preconditioned gradient descent
on & is dy = —P(Xy) ‘gradf(Xy). It appears natural to project the preconditioned
search direction to obtain a "geometric version" of the preconditioned method through

& = —Proj, (P(X))'gradf(Xy)) . (3.20)

The corresponding line-search method is referred to as Riemannian projected precondi-
tioned gradient descent. In our numerical experiments, we employ an accelerated version
of Riemannian projected preconditioned gradient descent, providing heuristic justifica-
tion through preconditioned R-NLCG. Further discussion is deferred to Section 3.4.4.1.
As previously mentioned in the introduction, we will employ preconditioned Rie-
mannian optimization on the manifold of fixed-rank matrices, with the cost function
f(X)=1(AX,X) — (X, F). Using a point-independent preconditioner P(X) = P, the
resulting update of Riemannian projected preconditioned gradient descent is given by

)

X1 = Rx, (arée) = alf/gf\n/lin HXk + o Projx (P~ (F — AXy)) =Y
eM,

which is known as the Riemannian Truncated Preconditioned Richardson Iteration
[KSV16]. This nomenclature will be consistently used throughout. Riemannian pro-
jected preconditioned gradient descent is a straightforward generalization of this method.

3.4.3 Riemannian preconditioning

Riemannian projected preconditioned methods are a natural heuristic adaptation of pre-
conditioned Euclidean methods to Riemannian optimization. However, their applicabil-
ity is confined to Riemannian submanifolds, and they lack a solid theoretical foundation
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3.4. Preconditioning

from a Riemannian perspective. To develop purely Riemannian preconditioned meth-
ods, independent of the embedding space &, it is insightful to interpret a positive definite
preconditioner as a change of metric. With this perspective in mind, we introduce the
following definition of a Riemannian preconditioner.

Definition 3.13. Let M be a Riemannian manifold with Riemannian metric (-,-)y. A
Riemannian preconditioner is a map P that associates each X € M with a symmetric
positive definite linear operator Px : Tx M — Tx M such that the metric

<§777>79X = <§7PX77>X vfa ne TX-/\/la (321)

is a Riemannian metric on M.

Remark 3.14. An equivalent and somewhat more geometric way to define a Riemannian
preconditioner is to consider it as a smooth section of End(TM) (the vector bundle
of endomorphisms of the tangent bundle), such that each Px : Tx M — TxM is a
symmetric positive definite linear operator. However, we preferred the above definition
as it better highlights how a preconditioner is de facto a change of the Riemannian
metric.

3.4.4 Preconditioned Riemannian nonlinear conjugate gradient

Let M be a Riemannian manifold equipped with a Riemannian metric (-, )y, and con-
sider a Riemannian preconditioner P on M. By preconditioned Riemannian nonlinear
conjugate gradient (with preconditioner P), we mean applying R-NLCG on M endowed
with the metric (-,-)p . Akin to its Euclidean counterpart, it is possible to express the
preconditioned algorithm exclusively in terms of P)}l, as we show below.

To implement preconditioned R-NLCG, it is necessary to compute Riemannian gra-
dients in the metric induced by the preconditioner and generalize the computation of
Bi. For a smooth function f : M — R, denote gradp, f(X) the Riemannian gradient of
f with respect to the metric (-,-)p, . For all £ € Tx M it holds

(&eradp f(X))  =DF(X)[E] = (& grad (X)) x = (& Px'grad/(X))

Px X
Hence, by uniqueness of the Riemannian gradient,
gradp, f(X) = Pxleradf(X). (3.22)
The search direction is then given by

& = —gradp, f(Xx) + BrTx, e x,, (Er-1)

(3.23)
= —Pxlgrad f(Xp) + ST x, e x,_, (§e—1)-

Choosing Br = 0 results in preconditioned Riemannian gradient descent. Additionally,
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3.4. Preconditioning

the formulas in (3.9) can be generalized to the metric induced by the preconditioner as

<77)_(,19k, P}igk>73x - <7’;}igk, Txpe Xy (P§;719k71)>
k

655 = Px,,
<’P_;(igk’TXk<—Xk4 (gk—1)> - <’P;(iilgk—1,fk—1>

P PXja (3.24)

<gk, P;};gk>xk - <gk7 Txpex; (P)_(,ilgk—l)>

<9k, Txe X,y (5k—1)>

Xg

x, (9r—1:&6-1)x,_,

and similarly

96 Pxig
Y = (9075, k>Xk . (3.25)
<gk7TXk<—Xk_1(§k—1)> —{gr-1:&-1)x,_,

Xk

Note that also in the computation of 3, we apply only 73)_(; and not Px,. Moreover,
we need to apply 73)_(; only to gradf(X}y), once per iteration.

Observe that if X, is a non-degenerate minimizer, then according to Proposi-
tion 2.20 the Riemannian Hessian at X, with respect to the metric (-, ), is given by
Hessp, f(X4) = Hessp, (f o Rx,)(0) = P)_(*lHessf(X*). Therefore, when 73)_(*1 is a good
approximation of Hessf(X,)™!, we can expect a significantly faster local convergence.

3.4.4.1 A preconditioned R-NLCG-like acceleration for the Riemannian
projected preconditioned method

A heuristic acceleration technique for Riemannian projected preconditioned gradi-
ent descent can be derived from the formulas for preconditioned R-NLCG. Specif-
ically, in eqgs. (3.23) to (3.25), we substitute the preconditioned Riemannian gradi-
ent gradp, f(X) = P)_(lgrad f(X) with the projected preconditioned Euclidean gradient
Projx (P(X)_lgradT(X)). We refer to the resulting method as R-NLCG with projected
preconditioned search direction (or R-NLCG with truncated preconditioned Richardson
search direction). It is crucial to note that this acceleration technique is only heuristi-
cally justified. Nevertheless, in practice, we observed faster convergence for the problem
at hand.

3.4.5 Preconditioned Riemannian Trust-Region method

Analogously to preconditioned R-NLCG, the Preconditioned Riemannian Trust-Region
method is Riemannian Trust-Region on M endowed with the metric (-,-)p . We will
now examine how preconditioning, i.e., changing the metric, impacts on the model, the
trust-region subproblem, and the convergence guarantees.
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3.4. Preconditioning

The model If we denote Hessp, fX (0) the Hessian at 0 € Tx M of fX = foRyx with
respect to the metric induced by Px, it holds

Hessp,, fx (0) = Px'Hessfx (0).

Note that although a map of the type P)_(lﬂess fX (0) may not appear to be symmetric,
it is indeed symmetric with respect to (-, -)p, . Considering a model Hessian Hx approx-
imating Hess f x(0), a natural choice for an approximation of the preconditioned Hessian
Hessp, fx(0) is given by

Hxp, = Py Hy. (3.26)

With this choice, the preconditioned model mx : Ty M — Tx M is

mx(€) = J(X) + (gradp, J(X),€), +3 (Hxpyle) Ep,
= J0) + (Pxlgrad f(X),€), + 3 (PRIHx[ELE)

= F(X) + {aradf(X), E)x + 3 (Hx[E], E)x

X

i.e., the model remains unchanged. This is reasonable since the pullback fX = foRx
is independent of the metric.

The Trust-Region subproblem and tCG The Trust-Region subproblem becomes

5eHTli<nM mx(§) subject to  [[]lp, < A. (3.27)
The only change is in the trust region, which is now a ball in the norm induced by Px,
instead of the norm ||-|| y. To solve (3.27), we employ the truncated Conjugate Gradient
(tCG) method in the metric induced by Py, i.e., preconditioned tCG. Therefore, similar
to preconditioned CG, an effective preconditioner can substantially speed up the iterative
resolution of the TRs. Moreover, preconditioned tCG can be expressed applying only
P, once per iteration. We refer the reader to [CGT00, Algorithm 7.5.1] for the details.

Convergence We aim to establish that the assumptions of Propositions 3.9, 3.11
and 3.12 result in analogous convergence guarantees for preconditioned R-TR, when
employing Hx p, = P)_(lH x as the model Hessian. This conclusion is derived from the
following two lemmas

Lemma 3.15. Let T be a finite-dimensional Fuclidean space equipped with the inner
product (-,-) and the corresponding norm ||-||. Let P : T — T be a symmetric positive
definite linear operator (with respect to (-,-)). Denote (-,-)p the inner product induced
by P and ||-||p the corresponding induced norm. Let us denote ||| and ||-||p also the
operator norms induced by the vector norms ||-|| and |-|| p, respectively. For any g € T
and any linear operator H: T — T, the following holds:
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3.4. Preconditioning

i. [Pl p = | P2y

< gl /VTPT, lgl - TP

ii. |[P7MH||p = [ PTEHP | < P H];

iii. [HP|, = |PtHPz

< [[P|[H].
Proof. To prove i, observe that, by definition,
Il = (7t ) = () = i

Using the Courant-Fischer minimax theorem [GV13, Theorem 8.1.2]

)2

|P~2g _(9.P9) Panin (P71, Amax (P™1)] = [1/Amax (P), Amax (P H)],

lgll® (9,9)

and, once again using the Courant-Fischer minimax theorem, one can argue that || P| =
Amax(P) and [P = Apax(P71).
To prove ii, by the definition of induced norm

pom = s Pl L P S L
P semvioy  lzllp 2€T\{0} HP%:CH yeT\{0} [yl
= [p3mp| < P3| ) = 2 )

and a similar argument yields iii. O

Lemma 3.16. Let P be a preconditioner on a Riemannian manifold M. The maps
X = |Px|ly and X = |Py}|x are continuous from M to R, where ||-|x denotes the
operator norm induced by (-,-) x.

Proof. Let X € M be an arbitrary point on the manifold. We can pass to coordinates
with respect to an orthonormal local frame around X. In coordinates, the preconditioner
becomes (locally) a smooth map X — P(X) € Sym(dim(M)) such that P(X) > 0. By
continuity of the inverse and of matrix norms, it is now clear that the maps X — ||Px||
and X — |Py'|x are continuous. O

Applying Lemma 3.15 with T = Tx M, P = Px and H = Hy, if (3.12) holds, then
1Py Hx s, < ol Py llxe

If the iterates {Xj}/>9 are contained in a bounded set, then {HP)_(:H X, 120 is lower-
bounded by continuity of X + ||Px'||x. Consequently, Proposition 3.9 holds for pre-
conditioned R-TR under the same assumptions. Similarly, leveraging the continuity of
X = | Py llx and X = || Px]| x, which are bounded in a sufficiently small neighborhood
of X, ensures that the local convergence guarantees in Proposition 3.11 hold under the
same hypotheses.
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3.4. Preconditioning

Regarding the local convergence order, if (3.13) holds, then

HPXlHXk Hessp, fX’“(O)Hka = HP)_(i (ka B Hesstk(O))HPXk

1
< BulPx,llx, lgradf(Xi)llx, < BulPx, Ix)IPx, 1%, leradp, f(Xi)llpy,, (3.28)

and Proposition 3.12 also holds under the same assumptions.

3.4.6 Preconditioners of the form Px = Projy o P o Projx

Consider a Riemannian submanifold M of a Euclidean space (&, (-,+)). Given a sym-
metric positive definite linear operator P : £ — &, i.e., a preconditioner on &, a valid
Riemannian preconditioner on M can be obtained as

Px = Projx o P = Projy o P o Projy : Ty M — Tx M. (3.29)

Notice that the rightmost projection in (3.29) is there just for "cosmetic" purposes, to
emphasize symmetry of Px. The metric induced by Px on the tangent Tx M, is

ﬂETﬁM'r

<£777>73X = <PrOjX (Pf)’ 77> <73577I> = <€7 77>7> vé?ﬁ € TXM’

that is, it coincides with the metric induced by P. Therefore, considering M endowed
with the metric induced by Px is equivalent to considering M as a Riemannian sub-
manifold of (€, (-,-)p).

R-TR with projected euclidean Hessian To employ preconditioned R-TR with
projected Euclidean Hessian as the model Hessian, two approaches may be considered:

1. Compute the projected Euclidean Hessian considering M as a Riemannian sub-
manifold of (&, (-,-)). Then, take Hxp, = Pyx' o Projy o Hessf(X) as the model
Hessian in the metric induced by Px.

2. Compute the projected Euclidean Hessian considering M as a Riemannian sub-
manifold of (&, (,-)p), i.e., take the model Hessian HY = Proj§ o P~ oHessf(X),
where Projgp( denotes the orthogonal projection onto the tangent space with respect
to the metric induced by P.

We claim that the two approaches are equivalent, meaning the two R-TR models coin-
cide. Denoting H = Hessf(X), for all £ € TxM it holds:

(Hxpy €], €)p, = (Projy (HIE]), > (HIg] &) = (P (H[]), &)p
= (Projk (P7'(HIE)).€),, = (HEIE &)p = (HR[E), Oy,

which proves our claim.
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3.4. Preconditioning

Why the Riemannian truncated preconditioned Richardson is not a change
of metric Let f : M — R be a smooth objective function and denote as f any smooth
extension of f. Considering M as a Riemannian submanifold of (£, (:,-)p), the search
direction of preconditioned R-GD can be computed as

&, = —gradp f(Xy) = —Projk (gradp f(Xy)) = —Projk (P gradf(Xy)).

This should be compared with the search direction of the Riemannian truncated pre-
conditioned Richardson iteration

& = —Projx (P 'grad f(Xy)).

Notably, the only difference is in the projection to the tangent. Due to this "wrong
projection”, the Riemannian truncated preconditioned Richardson iteration cannot be
interpreted as a change of metric on the manifold. Indeed, suppose that such a metric
exists, and denote it as (-,-) . Then, for all (X,&) € TM

(Projy (grad f(X)),€) = DF(X)[¢] = (Projx (P~ 'gradf(X)),¢) - (3:30)

However, for a general positive define preconditioner P, it could happen that
Proj (P~ lgradf(X)) is zero even if Projy(gradf(X)) is nonzero. An explicit coun-
terexample follows.

Let M = M, be the manifold of rank-r matrices in R"*", and let X = [Ié‘ 8] e M.
By Proposition 2.26

Rrxr Rrx(n—r)
ToM = ]

R(n—r)xr and  Projx(Y) = lYH }/12] ;

Yor O

where the block structure of Y is the same as X. Let £ € R"™ " be any symmetric
positive definite matrix such that E;Ezl =% 0, and let us define the positive definite
linear operator PX = EXFE. If we define

F(X)=(X,C), WhereC:P<lO 0 ]):[

EJ By Ej Eo
0 Infr ’

EsEo1 EagFoo

then Projy (gradf(X)) = Projx(C) # 0 (the upper-left block is nonzero), while

Projy (P 'gradf(X)) = Projy (P~ 'C) = Projy ([8 IO_ ]) =0.

We remark that the Riemannian truncated preconditioned Richardson iteration re-
mains a valid practical alternative. Although it may not provide the same convergence
guarantees as preconditioned methods in the Riemannian sense, it proves to be a viable
choice, especially when it is computationally more efficient to invert P (possibly approx-
imately) and then project, rather than inverting Px. This will become evident later
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3.4. Preconditioning

when P is a generalized Sylvester operator PX = AXD + EXB, and approximating
the inverse of P is relatively inexpensive with a few iterations of the factored Alternat-
ing Direction Implicit (fADI) method, while inverting Px requires rather cumbersome
and computationally expensive methods. Further details are deferred to Sections 5.2
and 5.3.
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Chapter 4

Cost function and convergence for
multiterm linear matrix equations

In this chapter, we detail the application of Riemannian optimization techniques to the
approximate resolution of multiterm linear matrix equations. We begin by explaining
the reasons for preferring the cost function f(X) = 3 (X, AX) — (X, F), which stems
from the reformulation of equation (1.1) as a distance minimization problem in .4-norm,
over minimizing the Frobenius norm of the residual. Furthermore, we provide explicit
formulas for efficiently computing the cost, the Riemannian gradient, and the Rieman-
nian Hessian. An initialization strategy for the line-search backtracking procedure is
also proposed. Additionally, we discuss the properties of critical points and the conver-
gence guarantees associated with the cost function f. Finally, we outline how fixed-rank
Riemannian optimization can lead to a Riemannian Rank Adaptive Method (RRAM)
that alternates between fixed-rank optimization and rank updates.

4.1 Cost function, gradient and Hessian

4.1.1 Cost function

Since A : R™*" — R™*" is symmetric positive definite, it induces an inner product
(X,Y) 4 = (AX,Y) on R™*", with corresponding A-induced norm || X|| 4 = 1/(X, X) 4.
We will refer to ||-|| , as A-norm or energy norm. Let X, = A~'F € R™*" be the exact
solution of (1.1), then the squared distance in A-norm of a point X € R™*" from X, is

~ 2 2 2
FX) = 1X = X2 = 1X 0 = 20X, X 4+ 1Kl

= (X, AX) = 2 (X, AX,) + [1X |5 = (X, AX) = 2(X, F) + [1X. % -

Therefore, minimizing || X — X,|| 4 is equivalent to minimizing the cost function

— 1

F(X) = 5 (X, AX) = (X,F), X eR™™. (4.1)
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4.1. Cost function, gradient and Hessian

On £ = R™*™ the unique global minimizer of (4.1) is the exact solution X,. Similarly,
on M, we can consider minimization of the cost function defined by restriction of (4.1)

f=Tl, MR () = % (X, AX) — (X, F). (4.2)

Any (local) minimizer of (4.2) on M, is (locally) the point of the manifold closest, in
A-norm, to the exact solution X,. This is in a sense the best solution of rank r, if the
error is measured in the energy norm. One may first ask whether a global minimum on
M, exists and whether this is also the best solution of rank less than or equal to r. The
following result answers this question, and extends [VV10, Proposition 3.2].

Proposition 4.1. Let A : R™*™ — R™*™ be a linear symmetric positive definite op-
erator. For ' € R™*" et X, = A™'F be the exact solution of the linear equation
AX = F. Define f : R™" - R as f(X) = 3 (X, AX) — (X, F). Then:

i. if rank(X,) > r, there exists a minimizer of f on M,.. Moreover, any minimizer X
of f on the set of matrices of rank lower than or equal to r has rank exactly r.

ii. if rank(X,) < r there is no minimizer of f on M,.

Proof. First, let us prove i. Let f(X) = ||X — X,||%, since f(X) = 2F(X) + | X.|/%,
replacing f with f does not change the minimizers (and their existence). Denote
S ={X e R™" :rank(X) < r}. Since S is closed, a minimum X of f on S exists:
it is a point of S nearest to X, in A-norm. Suppose that rank(X ) < r, then any rank-
one perturbation of X is still in S and must therefore have a function value greater than

or equal to that of X. Hence, for any rank-one matrix Y and for every € > 0
1/~ A ~ A ~
0< - (F(X +eY) = J(X)) = |[Y|% - 20X~ X,V )4,

Writing the same equation with —Y instead of Y we get ‘(X* - X, Y)A‘ < g ||YH?4, and
by arbitrariness of ¢ it holds

(X, - X, Y>A =0 forall Y € R™"st. rank(Y) = 1.

Since the Span of rank-one matrices is the whole R™*"_ it must be X, = X. This
contradicts the hypothesis rank(X,) > r.

To prove ii, observe that since X, ¢ M, then f(X) > 0 = f(X,) for all
X € M,. To conclude, it suffices to construct a sequence {Xj}{° C M, such that
X}, — X,. Denote p = rank(X,) < r and consider an SVD decomposition X, = ULV T,
where U € St(m,r), V € St(n,r) and ¥ = diag(o1,...,0p,0,...,0). We can define
Xy, = U diag(o1, ..., 0p, %, e %) VT and the thesis follows. O

Remark 4.2. Result i tells us that if rank(X,) > r we can minimize on M, and still
get the best approximation of rank less than and equal to r, not just of rank exactly r. In

48



4.1. Cost function, gradient and Hessian

contrast, ii tells us that the minimization problem on M, is ill-posed if rank(X,) < r.
Howewver, as the proof shows, on M, we can find arbitrarily accurate approximations of
X, even though these will tend to be numerically rank-deficient.

4.1.1.1 Why not to use the squared Frobenius norm of the residual

Another cost function one can naturally think of is the squared Frobenius norm of the

residual, i.e., f(X) = 3 [AX — F H% This cost function does not require the operator
A to be symmetric positive definite, but in fact it implicitly leads back to the positive

definite case with cost function (4.1), through the normal equations. Indeed, it holds

- 1 1 1
F(X) = 5 IIAX = F[§ = 5 (AX, AX) — (AX, F) + o | Fl[i
1 T T
=3 <X,A AX> - <X,A F> 1 const.

The operator A" A is always symmetric positive semidefinite. If we further assume that
A is invertible, AT A is also positive definite. Then, minimizing the squared Frobenius
norm is equivalent to applying the energy norm based approach to the normal equations

(ATAX = ATF. (4.3)

In case A is nonsymmetric or indefinite, the use of normal equations is a standard
approach, which has already been applied to solving multiterm linear matrix equations,
e.g., in [KS15]. The drawback is that the condition number gets squared, accentuating
the need for effective preconditioners. However, if A has a dominant Sylvester-like term,
denoted as P, the dominant term in A" A takes the form of P TP, losing its Sylvester-like
nature due to cross-terms and thus becoming more difficult to use as a preconditioner.

In conclusion, when A is symmetric positive definite there is no valid reason for using
a cost function that relies on the squared Frobenius norm of the residual. While this is
necessary if A is nonsymmetric or indefinite, we can still see it as an energy norm based
approach, applied to normal equations.

4.1.1.2 Implementation aspects and complexity

The evaluation of the cost function f(X) (4.2) at X = UXV T € M, can be carried out
efficiently because

f(X) = % (X, AX) — (X, F) = 5> (X, AXB] ) — (X, F)

i=1

DN |

= ;f: <UEVT7AZ-UEVTBZT> — <UEVT,FLF§>
=1

_ ;é (S(VTBY), (UTAU)D) — (FLU)S, (FRV)).
=1
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Since they will also be useful for gradient and Hessian calculations, we store for all
i=1,...,¢ the matrices ;U € R™" B;V e R"*" UT AU e R"*", VI B,V € R"™*", as
well as (FU) € R'XT (FRV)R'EXT,

The memory requirements are a O(£r (m-+n)). In addition to the cost of O(rp r(n+
m)) for computing F,/ U and FjV, the dominant cost in the evaluation of f(X) is
computing the matrices U A;U and VT B;V for all i = 1,...¢. For each i, this requires
r matvecs with A; to compute A;U, r matvecs with B; to compute B;V, and finally
O(r? (n+m)) flops to compute U (4;U) and VT (B;V). Assuming that the matrices 4;
and B; are sparse for all ’s, so that the complexity of each matvec is O(m) and O(n)
flops, respectively, the total cost for each evaluation of f is O (r(£r 4+ rp)(n+ m)) flops.

4.1.2 Gradient
The (Euclidean) gradient of f (4.1) at X € R™*" is

gradf(X) = AX — F, (4.4)
and if X = UXV T € M, it can be written in factorized form as
_ T
gradf(X) =YW T == [Ale o AUY —FL} [Blv . BV FR} . (45)

The Riemannian gradient of f (with respect to the Frobenius metric) can be obtained
as
gradf(X) = Projy(gradf(X)) = Projx (AX — F). (4.6)

As discussed in Proposition 2.27, to efficiently compute the representation of the Rie-
mannian gradient as a triplet (M, Uy, V,), it suffices to efficiently calculate the products
gradf(X)V and gradf(X)"U. It holds

V4
grad f(X)V =Y (AU)S(VIBV)" = FL(FgV),
=1
V4
grad f(X)TU =Y (B,V)S(UTAU)T — Fr(FLU),
=1

with all terms in parentheses that have already been calculated and stored during the
evaluation of f(X). The dominant cost is given by the calculation of the products
(A;NS(VTB V)T and (B;V)S(UTA;U)T for all i’s, and of the products Fr(F/ U),
Fr(FgV). Since ¥ is diagonal, this gives a total complexity of O (r(£r +rp)(n + m))
flops. Note how this is the same asymptotic complexity of evaluating f itself at X. We
already anticipate that also Hessian-vector products have a similar complexity.
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4.1.3 Hessian
The (Euclidean) Hessian of f (4.1) is Hessf(X) = A, i.e.

Hessf(X) : R™*" — R™*" Hessf(X)[H] = AH. (4.7)

Given X = UXV' € M, and ¢ € TxM,, & = (M, U, Ve), by Proposition 2.28 for the
Riemannian Hessian it holds

Hessf(X)[¢] = Projx (A¢)+

1 1)\ /T 1 ey T (48)
+ (PHAX = F)VeR ) VT + U (PH(AX - F) U2
Moreover, as already discussed, to efficiently compute the representation of Hess f(X)[¢],
it suffices to efficiently calculate the products ZVg, Z TUg, ZV and Z'U, where
Z = gradf(X) and Z = Hessf(X)[¢] for short. It holds

2V = Z J(UMe) + AU (VT BYV)T + (AU) [(B.Ve) V]

77U = Z[ (VM) + BiVe| (UTAU)T + (BV) [(AU) U |

12
ZVe = S (AU [(BV) Ve| — FL(FRVe),
i=1
727U = ze:(BiV)E (AU)TUe| = Fr(F[ Ug),
i=1

with A;U, U " A;U, B;V, VT B;V that have already been calculated and stored during the
evaluation of f(X), foralli=1,... ¢

Excluding the 2r matvecs products with A; for computing A;Ue, A;(UMg) and the
2r matvecs products with B; for computing B; Vg, Bi(VMET ) for each i, the computa-
tional complexity is dominated by products of dense matrices that have a total cost of
O (r(fr 4+ rr)(n+m)) flops. Assuming sparsity of the matrices A; and B; for all i’s, the
cost for each Hessian-vector product is O (r({r +rr)(n +m)) flops. To compute the
projected Euclidean Hessian, it suffices to calculate the products ZV and Z'U, with a
computational complexity of O (¢ r? (n + m)) flops. Finally, note that if B; = BZ-T and
A; = AZT , the cost of computing the Riemannian Hessian can be reduced by observing
that (A;U) T Ue = [(AUe)TU]T and (B;V) Ve = [(B;Ve)TV] .

4.2 Line-search initialization

Since the cost function f (4.2) is a strongly convex quadratic, following [Van13; KSV16],
an initialization strategy for Armijo backtracking (Algorithm 3) is obtained by conduct-
ing an exact line search on the tangent space, neglecting the retraction. For a descent
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direction &, € Tx, M., the initial step-size is given by

Gy = — (gradf(Xp), &) _  (gradf(Xi), &) (4.9)

(AL, &) (Projx, (A&), &)

In our numerical experiments this proved to be an excellent line-search initialization,
requiring almost no backtracking.

Since the Riemannian gradient is already computed, the primary computational cost
is the calculation of Projy, (A&), i.e., the projected Euclidean gradient at {. This
incurs a cost of O(¢r?(n +m)) flops.

4.3 Critical points and convergence

We proceed to analyze the properties of critical points and the convergence of Rieman-
nian optimization algorithms when utilizing the cost function (4.2).

4.3.1 Ciritical points and residual

In the context of Riemannian optimization, our goal is to attain critical points. Thus,
it is important to understand the connection between being a critical point of f on
M, and serving as an approximate solution to the generalized Sylvester equation (1.1).
Being a critical point is metric-independent. Therefore, considering M, as a Riemannian
submanifold of R™*™ with the Frobenius metric, we get that X = ULV € M, is a
critical point for f if and only if

Projy (gradf(X)) = Projy(AX — F) =0,

meaning the projection to the tangent space of the residual R = R(X) = AX — F is
zero. As per Proposition 2.27, this condition is equivalent to

UTRV =0

(I, ~-UUTRV =0 =
(I, -VVHR'U =0

U'R=0
RV =0

Notably, being a critical point imposes a stronger condition than the Galerkin condition
on the residual UTRV = 0 (or its one-sided counterparts UTR = 0 and RV = 0),
typically employed in Galerkin methods for standard Lyapunov and Sylvester equations
[Sim16] and multiterm linear matrix equations [SSS16; PSS17; KT10; KS15].

However, it is crucial to note that the vanishing projection of the residual onto
the tangent space (or its very small norm) does not ensure anything about the normal
component of the residual, which, in general, can be arbitrarily large. While empirical
observations suggest that optimizing over matrices of rank r, with r at least as large
as the numerical rank of the exact solution X, typically results in ||gradf(X)| — 0
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4.3. Critical points and convergence

implying ||R| = ||[AX — F| — 0, there are no theoretical guarantees that this will
occur. This limitation is particularly significant also because computing the Frobenius
norm of the residual is computationally demanding, making it impractical to monitor
at each iteration during the algorithm’s execution. In fact, although when computing
the Riemannian gradient we already compute R = AX — F = YW T through the factors
Y € RmxUr+rr) and W € R**(r+7r) in (4.5), computing the norm of R in a numerically
stable manner requires performing the thin QR factorization of Y and W. This incurs a
cost of approximately 2(n+m)(£r+7rg)? flops, which scales quadratically with (£7+7F)
and can significantly slow down the iteration when ¢ is large.

We briefly mention that an alternative is to estimate the residual rather than calcu-
lating it exactly. Notably, |R|[z = tr(R' R) and |R||3 = Amax(R' R), and the cost of
multiplication by R and R is linear in (£7 4+ rr). Consequently, norm and trace esti-
mation methods, either iterative or stochastic, can be employed to efficiently estimate
the Frobenius norm or 2-norm of the residual [Mey+21; PCK22; GT18; BK21; Hocl3;
Hig02]. This estimate can then serve as a stopping criterion, with a more accurate
calculation used at the end of the execution to verify the achieved accuracy.

4.3.2 Local convergence

Regarding local convergence, we note that if the exact solution X, = A~!F belongs
to M, it is a non-degenerate minimizer of f on M,. Specifically, gradf(X,) = 0 and,
by Proposition 2.7, the Riemannian Hessian coincides with the projected Euclidean
Hessian, which is always positive definite. Therefore, both R-GD and R-TR exhibit local
convergence to X, with the local convergence order of R-TR being at least quadratic if
the assumptions of Proposition 3.12 are satisfied.

4.3.2.1 Quadratic convergence of R-TR with projected Euclidean Hessian

It is known that (3.13) is satisfied if the model Hessian Hx is the Riemannian Hessian.
We now prove that, for the cost function (4.2), this condition also holds for the projected
Fuclidean Hessian in a neighborhood of the exact solution X, € M,.. Consequently, this
ensures local quadratic convergence to X, for R-TR with projected Euclidean Hessian.

Proposition 4.3. Let f : M, — R be the cost function (4.2), where M, is equipped with
the Frobenius metric. Suppose X, = A™'F € M,. Then (3.13) holds with the model
Hessian being the projected Euclidean Hessian. Specifically, there exists a neighborhood
U C M, of Xy and a constant B > 0 such that for all X € U:

|[Proj x (Hess (X)) — Hess(f o Rx)(0)|lx < Bullgradf(X)l|x,

Proof. As discussed in Section 3.3.2, there exists a neighborhood U’ C M,. of X, and a
constant 37 > 0 such that ||Hessf(X) — Hess(f o Rx)(0)||x < Byllgradf(X)| x for all
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X e U'. Therefore, for all X € U":
[Proj x (Hessf(X)) — Hess(f o Rx)(0)||x
< ||Proj x (Hessf(X)) — Hessf(X)||x + ||Hessf(X) — Hess(f o Rx)(0)||x
< | De(Projx (eradf(X)) |+ Billeradf(X)|x.

By Proposition 2.30 and observing that gradf(X) = AX — F = A(X — X,), one obtains

Proj (grad f(X))) _ [|[Projx (A(X — X.))[r
or(X) - or(X)
AKX = Xlle _ [[Alle - [X = Xl _ [ Al - dist(X, X5)
or(X) - or(X) - or(X) ’

HDg (Proj)l((gradf(x))) HX < Omax (

where || A||r denotes the operator norm induced by the Frobenius norm. Up to restricting
the neighborhood U’ to a smaller neighborhood U”, we can suppose o,.(X) > %UT(X*).
Since X, € M, is a non-degenerate local minimizer of f, by [AMS08, Lemma 7.4.8],
there exists a neighborhood U C U" and constants ¢; > ¢y > 0 such that, for all X € U,

co - dist(X, X,) < |lgradf(X)||x < ¢; - dist(X, X,).

Therefore, in U the thesis holds with By = 3}, + % 0

4.3.3 Global convergence with regularized cost function

To obtain global convergence guarantees, as per Propositions 3.7 and 3.9, we need to
ensure that the iterates remain within a compact subset of M,.. Since both R-GD and
R-TR are descent methods, all iterates stay within the sublevel set at the initial point

Lxy={XeM,: f(X) < f(Xo)} ={X e My : [ X = Xyl 4 < [[Xo — Xl 4}-

While all sublevel sets are bounded, they might not be closed because M, itself is not
closed. This occurs, in particular, if rank(X,) < r, as each sublevel set contains points
that are arbitrarily close to X, & M,. This provides insights into the issues that may
arise: iterates of R-GD or R-TR must accumulate somewhere in

Lx, ={X e R™" : rank(X) <r, | X — X, | 4 < | X0 — Xull 4} D Lxo,

but it might happen that they accumulate around a point with rank strictly lower than
r (and in a sense we hope this to happen if rank(X,) < r).

While using the cost function f may not guarantee that the iterates of R-GD and R-
TR stay within a compact subset of M,., we prove that this is achievable by applying R-
GD and R-TR with a regularized cost function. A similar approach has been considered
in [Van13] for matrix completion problems. To keep away from matrices of rank smaller
than r, we employ regularization with the norm of the pseudo-inverse, resulting in the
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cost function 1
9=0lp,,  9X)=f(X)+ §M2||XT”%-

Although the gradient and Hessian of § can be computed using [GP73, Theorem 4.3],
these details are omitted as, in practice, we will still use the original cost function f.
The sublevel sets of g are both bounded and closed, because being in the level set of g
imposes a bound on the smallest singular value. Specifically, if g(X) < ¢ then

1 1 2 2
¢ > g(X) = F0) + g | X TN = 5 (I = X5 = I+ 121 XTI
> = (21X - 1%1%)

and, consequently,
7

1
Jmin(X) > > .
VIXHE ~ y2e+ 1 X1

While any small at will 42 > 0 theoretically guarantees global convergence, in practice,

we will still employ the original objective function f (i.e., 4 = 0). Notably, in our nu-
merical experiments, using random initialization we consistently observed convergence
of the gradient norm to zero. This approach, where convergence is proven for a regu-
larized cost function, yet optimization is performed without regularization justifying it
by the fact that p? can be taken small at will, is a common practice in the literature.
Examples of this approach can be found in works such as [Van13; BA15; BMO03].

4.4 Rank adaptivity

Up to this point, our focus has been on Riemannian optimization at a fixed rank r.
However, a notable weakness of this approach is that, in practical applications, the de-
cay of the singular values of the exact solution is rarely known a priori, and determining
a suitable value of r can be challenging. If r is set too low, the exact solution cannot
be adequately approximated. On the other hand, if r is set too high, the cost of opti-
mization unnecessarily grows in both time and memory and, additionally, the fact that
iterates become numerically rank deficient can cause numerical issues when computing
the Riemannian Hessian.

This motivates the development of rank-adaptive techniques that combine fixed-rank
Riemannian optimization with rank updates during the optimization process. Rank-
adaptive methods have been developed previously in, e.g., [GA22; Zho+16; UV14; UV15;
KSV16; Tan+14; Mis+14; KSU14|, often combined with optimization over the real
algebraic variety of bounded-rank matrices. This allows for better global convergence
guarantees, since the matrices of rank at most r are a closed [Zho+16; SU15]. We limit
ourselves to a more heuristic approach, which simply allows us not to need to fix the
rank a priori and enables a fairer comparison with other methods in the literature for
solving multiterm matrix equations.
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Our Riemannian Rank-Adaptive Method (RRAM) for multiterm linear matrix equa-
tions is summarized in Algorithm 7. It alternates between fixed-rank optimization and
rank updates. Starting from an initial iterate X of rank r = rg, we run Riemannian
optimization with fixed rank r, employing any of the algorithms outlined in Chapter 3
(line 4). If the current iterate becomes numerically rank-deficient, i.e., if for a user-
defined tolerance ¢, > 0 it holds 02/37_, 07 < &2, the iterate is truncated to rank
r— =max{k : Yj_p 1102/ >1_10? > e2}, and the optimization restarts with rank r_
(lines 6 to 8). Upon convergence of the fixed-rank optimization, we calculate the norm
of the residual (line 12). If it remains excessively high, we increment the rank for Rie-
mannian optimization to r1 = 7 + ryp, utilizing the previous solution X € M, as a
warm start for Riemannian optimization on M., (lines 14 and 15).

Algorithm 7 Riemannian Rank-Adaptive Method (RRAM)

Parameters: Tolerance for truncation ¢, €]0, 1], update rank ry;, algorithm for fixed-
rank Riemannian optimization.
Input: Initial point Xy € M,,, tolerance on the relative residual tol > 0

1: Set r =rg, res = || AXo — F||g/||F||g, k=0
2: while res > tol do

3 while fixed-rank optimization does not converge do

4 Get Xy =USV' € M, > One step of Riemannian opt. at rank r
5 if (fixed-rank optimization did not converge) and (02/>_; 0? < £2) then
o ro = max{h ; Sy 02/ Sy 0 > )

7: Xpp1 =U@1:r )80 ir_ 1o )V (1 r)T

8 r=r_

9: end if

10: k=Fk+1

11: end while

12: res = || AXy, — Fllp/||F|lr

13: if res > tol then

14: From X compute a "warm start" for optimization with rank r, = r 4+ ryp
15: =Ty

16: end if

17: end while

Rank increase via normal correction Denote the current iterate as X € M,.
Following the approach outlined in [GA22; UV15; UV14], for computing a warm-start
with an increased rank 7, = 7+, we employ a normal correction. In other words, we
conduct a line-search along the truncation at rank 7, of the component of the negative
Euclidean gradient —gradf(X) = —(AX — F) orthogonal to the tangent space. This
yields the update X < X + .Y, where

Y, € argmin HY — Proj% (F — AX)H . (4.10)
rank(Y)=rup
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4.4. Rank adaptivity

The search direction (4.10) is well-defined if Projx (F — AX) has rank at least 7. If
this is not the case, we add random components orthogonal to the tangent until we reach
the desired rank 7.

As per [GA22, Proposition 2], X + oY, is guaranteed to have a rank exactly r + ryp
for any «a, > 0. Given that the cost function f is a strongly convex quadratic, the
step-size o, is determined through an exact line-search as

(gradf(X),Ys) _ [IYil%

Ay = — f—

(AY,,Y.) (AY,,Y,)"

As emphasized in [UV15; UV14], this update step can be viewed as an approximate
gradient descent step in the ambient space, truncated at rank r,,. Specifically, if X is a
critical point of f : M, — R, then the Euclidean gradient gradf(X) = AX — F belongs
to the normal space, and the search direction Y, coincides with the truncation at rank
rup Of the negative gradient.

Implementation aspects and complexity Let X = UXV', and let R = AX — F
denote the residual. The computation of the rank update involves determining the rank-
up TSVD of Proj% (R) = (I, ~UU ")R(I,,— VV'T). In the computation of the Rieman-
nian gradient at X, we already calculate R = AX — F = YW with ¥ € Rm*(¢r+7r)
and W e R™*(7+7F)  Hence, the cost of computing the factorization

Proj%(R) = {Y - U(UTY)} {W - V(WTV)T}T

Y W
is O(r(m +n)({r + rr)). However, computing the thin SVD of Proj%(R) involves the
thin QR factorization of Y and W, incurring a cost of approximately 2(m +n)(£r+7p)?
flops, quadratic in (¢r + rp). It is important to note that these calculations can be
performed only once and should not be repeated when calculating the residual norm,
which can be written as

IRIIF = llgrad f(X) | + |[Projx (R)|[z.

An alternative to achieve a truncation cost linear in (/7 4 rr) would be to employ
randomized TSVD [YGL18; HMT11].

While not explicitly included in the pseudocode for simplicity, in fixed-rank optimiza-
tion we employ an additional stopping criterion heuristic to partially reduce stagnation.
Specifically, given a parameter v € (0, 1], we halt fixed-rank optimization (and possibly
increase the rank) if

lgrad f (Xx) |, > - max {[|grad f (Xx1)llx, , - lleradf(Xup)llx, }

indicating insufficient decrease in the gradient norm, with a maximum "patience" of p
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4.4. Rank adaptivity

iterations.

Regarding the rank-decrease step, it is worth noting that alternative strategies have
been explored in the literature, e.g., based on relative gap between successive singular
values [GA22] or the ratio with the largest singular value [Zho+16].
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Chapter 5

Preconditioners for multiterm
linear matrix equations

The goal of this chapter is to develop preconditioners for optimizing the cost function
(4.2) on the manifold of fixed-rank matrices. As discussed earlier, effective precondi-
tioners are typically derived from an approximation of the Riemannian Hessian. From

Section 4.1.3, we know that the Riemannian Hessian of f
T
Hess f(X)[€] = Projx (A8) + (PHAX — F)VeR ) VT 4+ U (PHAX - F) U7

is composed of two parts: the projection of the Euclidean Hessian, and a term related
to the curvature of the manifold. If the condition number of ¥ 7! is not excessively large
(i.e., X is not numerically rank-deficient), most of the ill-conditioning of Hessf(X) can
be expected to come from A itself. Therefore, a suitable preconditioner would be the
projected Euclidean Hessian

Ax = Projy o Ao Projy. (5.1)

However, in general, solving equations with Ax may not be feasible, especially if A is
a multiterm Sylvester operator with three or more terms. Similarly to the approximate
Newton method in [KSV16, § 4.1], given a positive definite preconditioner P for A, as
a second approximation step we replace A with P in (5.1) and consider the positive
definite Riemannian preconditioner

Px = Projx o P o Projy. (5.2)

All preconditioners we use follow this pattern, and the observations in Section 3.4.6 apply.
The convergence guarantees discussed in Section 4.3 extend to the preconditioned case.
Additionally, we can also employ the Riemannian truncated preconditioned Richardson
iteration described in Section 3.4.2.

Note that R-TR with projected Euclidean Hessian was introduced precisely to cir-

99



5.1. PX=FEXD where ;D >~ 0

cumvent this second approximation step in which A is replaced by P. In fact, the
search direction of preconditioned R-GD with preconditioner Ax is £ = —A;(l grad f(X),
resembling the search direction of the approximate Newton method in [KSV16],
where the Riemannian Hessian is approximated by the projected Euclidean Hessian
Projy o Hessf(X) = Ax. While we are unable to apply exactly .Ay' for a generic A,
one could employ iterative methods, possibly preconditioned, to solve the corresponding
linear system. This mirrors the approximate solution of the trust-region subproblem
with model Hessian Hx = Projy o Hessf(X) = Ax using (preconditioned) tCG. There
is therefore a close connection between R-GD with preconditioner Ay, i.e., the approx-
imate Newton method from [KSV16], and R-TR with projected Euclidean Hessian.
The preconditioner P is typically derived from a dominant term in A, and has a
Sylvester-like structure. Therefore, our ultimate goal is to consider preconditioners of
the form
PX =AXD+ EXB where A, B, D, E > 0. (5.3)

Extending beyond two terms in P seems unlikely to lead to a computationally efficient
preconditioner to invert. Indeed, even a preconditioner of the form (5.3) with F #
I, or D # I, poses significant challenges, as we will see. To move towards using
preconditioners derived from Sylvester operators like (5.3), we proceed step by step.
Initially, we consider PX = EXD. Subsequently, we extend the techniques in [VV10,
§ 7.2] from Lyapunov to Sylvester operators PX = AX + X B. By combining these two
types of preconditioners, we can then address the case PX = AXD + FEXB. Finally,
we propose an ADI-like iteration to approximate the inverse of Px.

5.1 PX =FEXD where ;D > 0

In the pursuit of running preconditioned Riemannian optimization on M, endowed with
the metric induced by PX = EXD — which coincides with the metric induced by the
Riemannian preconditioner Px = Projy o P o Projy — two alternatives are available.
First, as outlined in Sections 3.4.4 and 3.4.5, one can execute preconditioned methods
solely through the action of 73;{1 while still leveraging all the Riemannian optimization
tools from Section 2.1. As a second alternative, M, can be directly considered as
a Riemannian submanifold of R™*" endowed with the metric induced by P, and all
Riemannian optimization tools can be developed within this metric. In this section,
both approaches will be considered, emphasizing the similarities and differences. We
remark that, although the second approach may initially appear more intricate, it proves
particularly useful when preconditioning with PX = AXD + FXB.

5.1.1 Applying Py’

Applying 77)_(1 to n € Tx M, is equivalent to solving

Projx(EE(D) =1 £ e TxM,. (5.4)
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Let n = (M,,U,,V,) and § = (Mg, Ug, Vg), by Proposition 2.27 the linear equation (5.4)
is equivalent to

U, + UM, = (EU)M¢(V'DV) + EUs(V'DV) + (EU)V; (DV),  (5.5a)
V,+ VM, = (DV)M, (U"EU)+ DV;(UT EU) + (DV)U{ (EU),  (5.5b)
M, = (U'E)U(V'DV)+ (U'EU)V, (V' D)" + (U'EU)M(V'DV).  (5.5¢)

From (5.5a) and (5.5b) one obtains

E7 Uy + UM,) = U [M(VTDV) + VDV | + U (VT DV),
D7V, + VM) =V [M{ (UT BU) + U{ BU| + Ve(UT EU),

and therefore Ug and V¢ can be computed as

Us = PLEN (U, + UM,)(VTDV)™,
Ve =PyD ' (V,+ VM, )(UEU) ™.

Then one can plug the solutions into (5.5¢) to obtain Mg
M = (UTEU) ™ [M, — (UTE)U(VTDV) = (UTBU)V, (v D)T| (VT DV) . (5.7)

Implementation aspects and complexity In addition to the r linear systems with
the sparse matrices £ and D, the dominant costs involve solving m linear systems
with the dense r x r matrix U EU and n linear systems with the dense r x r matrix
VTDV. After a Cholesky decomposition of U EU and V' T DV, incurring a cost of O(r?)
flops, the overall complexity of the linear systems with U'EU and V' DV amounts
to O(r?(m +n)) flops. Notably, this asymptotic complexity is the same as that of a
retraction or a vector transport. Assuming optimal complexities of O(m) for system
resolution with E and O(n) for system resolution with D, the total complexity remains
O(r?(m + n)) operations. For enhanced efficiency in the solution of the linear systems,
it is advisable to precompute a Cholesky factorization of the matrices F and D, possibly
after reordering to avoid excessive fill-in.

The one-sided case If £ = [,, or D = I, the derivations above simplify. For
instance, considering the case D = I,,, we obtain from (5.5a) and (5.5b) alone:

Me=U"EY (UM, +U,), (5.8a)
Us = P E"H UM, + Uy), (5.8b)
Ve =V, (UTEU)™!, (5.8¢)

and one can verify that (5.5¢) is also satisfied. The asymptotic complexity remains
O(r?-(m+n)), but the number of flops is roughly halved. Observe that the computation
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of E71 (UM, + U,) needs to be executed only once. Similar derivations are obtained
when E = I,,.
5.1.2 Geometry with the metric induced by PX = EXD

We now consider the manifold of rank-r matrices M, as a Riemannian submanifold of
Rmxn

equipped with the metric induced by P. The metric induced by P is denoted as
(*,-)p- Within this metric, we use the notation Proj§ for the orthogonal projector onto
the tangent space Tx M., P}\),lr for the metric projection onto the manifold, R for the
metric projection retraction, gradp for the gradient and Hessp for the Hessian (whether
Euclidean or Riemannian will be clear from the domain of the function).

5.1.2.1 The Cholesky decomposition of P

Given the Cholesky decompositions D = CLCp and E = CJCg, the Cholesky decom-
position of P is expressed as

P=C"C, CX=CpXC). (5.9)

Observe that C : M, — M, is a (linear) diffeomorphism. The following lemmas will
prove useful.

Lemma 5.1. Tex M, =C(TxM,) for all X € M,.

Proof. Since C is an invertible linear map, it suffices to show that CTx M, C Tex M,
and equality follows by a dimensionality argument. Let £ € Tx M,., then there exists a
smooth curve v : R — M, such that v(0) = X, 7/ (0) =& Let a:=Co~vy: R — M,,
then « is a smooth curve on M, passing through CX at time 0, hence o/(0) = C+/(0) =
C¢ € Tex M, O

Lemma 5.2. C"1Py, (X) = P%T(CAX) for all X € R™*™ sufficiently close to the
manifold, so that both terms are well-defined.

Proof.
CPu, (X) = C targmin || X — V|| = €' arg min HC(cﬂX —c7y)| =
YeM, YeM,

= argmin Hc—lx - ZHP — PR, (CT'X),
eMy,

where we used the change of variables Z = C~'Y. 0

Lemma 5.3. C~'Projoy (V) = Proj% (C™'Y) for all X € M,, Y € R™*",
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Proof.

Lemma 5.1

C 'Projex(Y) =C"! argmin ||[Y —¢||= argmin [|Y —Cpll, "=
gETCXMr nECichxMr

= argmin ||Y — Cn|| = argmin HC‘IY - 17H = Proj% (C71Y).
neT x M, neETx M, P

5.1.2.2 QR and SVD decomposition with non-standard inner products

In Section 2.1, where M, is endowed with the Frobenius metric, the Riemannian opti-
mization tools heavily rely on QR and SVD decompositions. To adapt them to the case
of the P-induced metric, a generalization of the QR and SVD decomposition is required.

Definition 5.4. Let T € R¥** be positive definite. A matriz Q € R¥** is T-orthogonal
ifQTTQ = I,. A matriz Q € RF*" r < k, has T-orthonormal columns if QT TQ = I,..

Proposition 5.5 (T-QR decomposition). Let X be in R™*™ and let T € R™ ™ be
positive definite. Then there exists a T-orthogonal matriz Q € R™™ and an upper
triangular matriz R € R™ ™ such that X = QR.

Proof. Let T = C'TC be the Cholesky decomposition of T. Let CX = QR be the QR
decomposition of CX. Then X = QR where R is upper triangular and Q = C~1Q is
such that

QITQ=Q'C™'TC'Q=Q"Q = I,.
]

Proposition 5.6 (E, D-Singular Value Decomposition [Van76]). Let X be in R™*",
m >n, and let E € R™*™ and D € R™™ be positive definite. Then, there exists an E-
orthogonal U € R™ ™ q D-orthogonal V€ R™ " and a diagonal ¥ = diag (51, . . . ,0p) €
R™*" where p = min{m,n} and 61 > --- > &, > 0, such that X = UsvrT.

Proof. Let D = C,Cp and E = C},Cg be the Cholesky decomposition of D and E. Let
CpXC}, = USVT be the SVD of CpXC},. Then X = ULV, where U = C;'U and
V= 051v are F-orthogonal and D-orthogonal, respectively. O

If rank(X) = r < min{m,n}, the definition and existence of thin T-QR and E, D-
SVD decompositions is straightforward. It should be noted that, although the above
proofs use the Cholesky factorization, the T-QR decomposition can be computed by
working with the matrix 71" alone. This can be achieved, for example, through a modi-
fied Gram-Schmidt process with reorthogonalization in the inner product induced by T
[LBG13] or by using Householder reflections [Sha23]. Similarly, an algorithm for com-
puting the £, D-SVD without factoring F, D can be devised from the algorithms for the
E-QR and D-QR decomposition. For simplicity, however, we employed the Cholesky
factorization of the matrices in our implementation.
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5.1.2.3 Riemannian optimization tools

Representing points and tangent vectors To identify a point X € M, and store
it in memory, it is convenient to store its thin F, D-SVD (U,%,V). Moreover, the
following representation of the tangent space holds. Note the similarity with (2.16).

Proposition 5.7. The tangent space Tx M, at X = USV T is given by

Tx M, = {ONVT + 0,77 + OV, -

Y TXT 77 mXr Yy nxr 711 orr T NYr (510)
M € R™" T, € R™ V, e R™" T EU, =0,V DV, = 0}.

Proof. According to Lemma 5.1, € belongs to Tx M, if and only if ¢ = C~ 15 for some 7
in TexM. The SVD decomposition of CX is given by CX = CpXC}, = ULV ", where
U =CgU and V = CpV. From (2.16), we can express 1 as
n=UMVT +U VT +UV,,
where M € R™", U, € R™", V, € R™", and UTUp = VTV;D = 0. Consequently,
E=Clp=UMVT +U,VT +UV,, with
M=M, U,=Cg'U, V,=0C;'V,,

and it holds 0TEUP = UTUp =0, VTDVP = VTVp = 0. This shows the inclusion C,
the opposite inclusion is obtained analogously. O

Analogously to the Frobenius metric case, to store a tangent vector £ € Tx M, it is
sufficient to store the matrices (M, U,, V,). It is worth noting that if X = UXV " € M,
and &, &' € Tx M, are represented as £ = (M, U, V,) and & = (M’, U;/m f/p’), then
(€.€)p = (BO)N(DV) + (BO,)(DV)" + (ET)(DV,) T, UMV + 00T + 0V, =

= (M, M') + (EU,, Uy) + (DV;,, V;).

Therefore, when they are calculated as side effects of other computations, it is convenient
to store also the matrices Eﬁp and DVp in memory.

Orthogonal projectors
Proposition 5.8. Let X = UXV " € M, and let us define
P _ T P _ T LP _ P LP _ P
P=UUE, P,=VV D, Py =Iy—-Py Py =I,-Pg.

The orthogonal projection of Z € R™*™ to Tx M, with respect to the inner product
induced by PX = EXD is given by

Projk (2) = PEZ(PE)T + P Z(PD) " + PL2Z(PLT)T, (5.11)
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which is represented by
M =U"EZDV
. P . L.
p =P " ZDV =ZDV - UM (5.12)
V,=P;"2"EU =2"EU -V

Proof. First, let us verify that Proj% (Z), as defined in (5.11), is indeed represented by
the triplet (M, U, V) of (5.12). Tt holds

PLZ(PL) =UUTEZDVV' =UMV',
poPz@®L) =Py PzDVVT =0V,
1P T 1P Y
PEZ(P)T =UUTEZ(PE")T =0V,

Moreover.
U'EP;” =0,  V'DPT =0,

therefore Proj%, as defined by (5.11), is such that Proj%(Z) € TxM, for all Z € R™*"
and Proj% (&) = € for all £ € TxM,. To conclude, we need to show orthogonality, i.e.,
that

(z - Proj@’((Z),n>P =0, VZeR™" ¥peTxM,.

If n € Tx M, is represented by the triplet (Mm Un, Vn), then

= (8,07 BZDV') +(Uy, BEZDV ) + (V,, DZEU ) =
= (N1, 81 + {0y, EU, + EUNI) + (V,, DV, + DV ) = (5.13)
= <MnaM> + <UU7EUp> + <‘~/777D‘7p> = <PrOJX(Z)’77>7>'

O

Retraction As a retraction, we employ the metric projection retraction (with respect
to the metric induced by P). To compute it, we can establish an analogue of the Eckart-
Young-Mirsky theorem for the FE, D-SVD.

Proposition 5.9. Let X be in R™*" and let X = USV' be its E,D-SVD where

> = diag(61, ... ,0p) with p=min{m,n} and &, > &,41, then
PZ\)/IT(X) = argmin || X — Y|, =0U(:, 1: ME i 1)V, 1), (5.14)
YeM.,

Proof. The SVD decomposition of CX is CX = UXV, where U = CrU, V = CpV and
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> = %. Therefore, by Lemma 5.2

P?/D\/IT(X) :C_IPMT(CX) ( )2(1 r,1:r)V(:, 1: T)T) =

(s
=U(:,1:7)%(1:r 1: 7’)17( )T
O

Hence, computing the metric projection retraction R (¢¢) is tantamount to trun-
cating the F, D-SVD of X + t£ at rank r. The retraction is well-defined if and only
if 5, ( X +t&) > d,41(X +tE), where 6;(X + t€) denotes the i-th singular value in the
E,D-SVD of X + t£. Similar to (2.22), when the metric projection is well-defined, it
can be efficiently computed by exploiting the fact that X + t £ has a rank at most 2r.

If X = USVT and & = (M,0,,V,), then X +t& = [00,][ %M | [v7,]7. First

compute
[U Up} = QuRy thin E-QR decomposition,

[V f/p] = Qv Ry thin D-QR decomposition,

(assuming 2r < min{m,n}, otherwise the procedure is slightly changed). Then, using
the (standard) SVD of the 2r x 2r matrix RU{E“M ”""}RV UXV, the E,D-SVD
decomposition of X + t¢ is, using MATLAB’s notation

X +téE= (QUU(:,l : r)) S(1:rl:r) (QVV(:vl : T’))T

Finally, when computing R}D((t €) for multiple values of ¢ and the same (X, ) € TM the
E-QR and D-QR decompositions can be saved after the initial retraction.

Transporter As a transporter we use the orthogonal projection (with respect to the
metric induced by P) restricted to the tangent (2.13).

Gradient and Hessian: from Euclidean to Riemannian Let f: M, — R be a
smooth function and let f be a smooth extension of f. The Riemannian gradient of f
with respect to the metric induced by P is

gradp f(X) = Proj} (gradpf(X)) = Proj§ (P~ 'gradf(X)) .

Let X = UXVT and denote Z = gradf(X). Then, by (5.12), gradp f(X) € TxM, is
represented by the triplet

|
Q}z

M=UTE (P—lz) DV =U'zV

=
I
/N TN

U,=(P'2)DV-UNM =E"(2V - EUM) (5.15)
Pflz)T EU - VN =D (270 - DVAIT).
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Observe that the matrices EUp and D\N/p, necessary for computing inner products, are
computed as intermediate steps during the calculation of Up and Vp. In comparison to the
Riemannian gradient with respect to the Frobenius metric, computing the Riemannian
gradient necessitates r additional linear systems with the matrices £ and D.

For the Riemannian Hessian, the following proposition holds. Note the similari-
ties with Proposition 2.28. Once again, the computational cost, in comparison to the
Frobenius metric, increases by r system resolutions with E and D.

Proposition 5.10. Let f : M, — R be a smooth function, with smooth exten-
sion f. With the same notation as in this section, consider X = ULV’ € M,,
£ € TxM, represented by the triplet (Mg,ﬁgjf/g), and let us denote Z = gradf(X),
Z = Hessf(X)[€]. Then the Riemannian Hessian of f on M, endowed with the metric
induced by PX = EXD is represented by the triplet

u'zv,
E-NI - EOUT) |2V + 2VeS~
D™

M
Uy (5.16)
7

.
NI-DVVT)[270 + 27057

Proof. Let us denote by J(X) and J”(X) the Fréchet differential at X of X + Projy
and X — Proj@, respectively. By Proposition 2.7, it holds

Hessp f(X)[¢] = Proj} (Hessp[(X)[€]) + Pro% (/7 (X)[¢](grad, F(X))) .
Denoting Z = Hessf(X)[¢], by Proposition 5.8 the projected Euclidean Hessian

Proj% (HGSS']D?(X)[S]) = Proj (P_IHessf(X))

is represented by the triplet

M=U"E(P'2)DV =U"ZD,
U, = ( —~UU"E)(P~'2)DV = E-Y(I - EUU"ZV, (5.17)
V,=(I-VV'DYP'2)"EU =D *(1-DVV")Z'U.

To derive an expression for J7(X)[¢], observe that by Lemma 5.3 it holds
Proj?( = C ! o Projeoy oC, and differentiating with respect to X yields

JP(X)E]=Cctog(cX)[cE]oC.
Hence, applying Lemma 5.3 once again,

Proj; (/7 (X)[¢] (eradp (X)) = " Projex (J(CX)[c€] (€ Tarad f(X)))

Suppose that X = UXVT and € = (Mg,ﬁf,f/g), then CX = UXVT where ¥ = 3,
U= CpU, V =CpV, and C¢ = (Mg, Us, Vi) where My = M, Us = CplUs, V =
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C’D‘Nfg. Similarly, if 7 := Proj% (JP(X)[é] (gradpf(X))) is represented by the triplet
(Mm Un, VT,), then

Projey (J(CX)[CE] (€~ Tgrad(X))) = Cn = (My, Uy, V)
with M, = Mn, U, = C’Eﬁn and V, = CDf/n. By Proposition 2.28 it holds

M, =0,
U, =P (€ Tgradf(20)) V=),

_ T
V, =Pt <(C—Tgradf(X)) U52_1> :
Reverting the change of variables yields

U, = C5'PE (¢ Teradf (X)) Ve=™t) = C5'PE (€5 2C5 Ven ™)
= (CR'"PFC N2V = (B — 00U ") ZVe 2!
=E'(I-EUU")ZV;x Y,

and similarly

V,=DYI-DVV"ZTU:x™.

This concludes the proof. O

5.1.2.4 Line-search initialization and rank adaptivity

When employing the tools for M, as an embedded submanifold of (R™*", (-, -);), minor
adjustments are required in the calculation of the initial step-size in Armijo backtracking
and in the rank-update step of the RRAM.

The initial step-size aj for the Armijo backtracking procedure remains the same as
in (4.9), as it is obtained neglecting the retraction. The only modification lies in how it
is computed: substitute the Riemannian gradient and the projected Euclidean Hessian
with those in the metric induced by P, and employ (-, ), instead of (-, ).

To adjust the rank-increase step in RRAMs, we need to employ the orthogonal
projection with respect to the metric induced by P of the Euclidean gradient with
respect to the metric induced by P. This requires truncating at rank 7, the £, D-SVD
of gradpf(X) = P lgradf(X) = E~Y(AX — F)D~!. Using the same notation as in
(4.5), this entails the computation of E~'Y and D~'W as well as the use of the E-QR
and D-QR decompositions in place of the standard QR-decomposition.

5.1.3 Difference between the two approaches

Although the metrics induced by Px and P coincide, it is not the same to run Rieman-
nian optimization algorithms in the following two ways:
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(i) employing the tools for M, as an embedded submanifold of (R™*" (-,-)) and
leveraging the action of 73;(1, as detailed in Sections 3.4.4 and 3.4.5; or

(ii) using the tools for M, as an embedded submanifold of (R™*",(.,-)), developed
in Section 5.1.2.

A key distinction between these approaches lies in the retraction used. In (i), the metric
projection retraction with respect to the Frobenius metric is employed, while (ii) uses
metric projection retraction with respect to the metric induced by P. This distinction
affects Riemannian GD, altering the curve along which line search is executed, despite
the search direction remaining the same (i.e., the negative preconditioned Riemannian
gradient).

Additionally, the transporters differ due to the different metric used for orthogonal
projection onto the tangent. This marks a second difference between the two approaches
in Riemannian NLCG, impacting both the transportation of the previous descent direc-
tion to the current tangent space and the computation of 3.

For Riemannian trust-region, the first difference is in how the candidate next step is
obtained by retracting the vector obtained from approximately solving the TRs (line 4
of Algorithm 6). Additionally, since the retraction changes, the pullback of the objective
function to the tangent space also changes. If approach (i) is utilized with the model
Hessian derived as in (3.26) from the Riemannian Hessian in the Frobenius metric, the
resulting model myx is the second-order Taylor expansion of fX = foRx. Conversely,
if approach (ii) is employed with the model Hessian being the Riemannian Hessian in
the metric induced by P, the resulting model is the second-order Taylor expansion of
Ag? =f oRetrgD(. In general, these two models differ. On the other hand, if the projected
Euclidean Hessian is employed as the model Hessian in both approaches, there is no
difference in mx, as discussed in Section 3.4.6.

5.2 PX =AXD+ EXB where A, B,D,E > 0

We now investigate preconditioners P that exhibit a Sylvester-like structure. As a
preliminary step, we consider the simpler case of PX = AX + XB with A, B > 0.
By combining the latter with the tools outlined in Section 5.1.2, we will subsequently

address the more general scenario of PX = AXD + EXB with A,B, D, E » 0.
5.2.1 The case PX = AX + XB

Let us consider the Sylvester operator PX = AX + X B where A, B > 0. The only viable
method for conducting Riemannian optimization with such a preconditioner is through
the action of 73)_(1. Applying 73)_(1 to a tangent vector n € Tx M involves solving the
projected Sylvester equation

Projx(A¢+¢&B) =1 £ e TxM,. (5.18)
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The solution of (5.18) has been addressed in [VV10, § 7.2] for Lyapunov operators and
positive semidefinite fixed-rank matrices. Additionally, the more general scenario of ten-
sors in the Tucker format and Laplacian-like preconditioners was considered in [KSV16,
§ 4.2]. While the tensor case in [KSV16, § 4.2] encompasses (5.18), it is computation-
ally more convenient to extend the techniques outlined in [VV10, § 7.2] — specifically
designed for the matrix case — to Sylvester operators and general fixed-rank matrices,
as explained below.

Let n = (M,,U,,V,) and § = (Mg, U, Vg). According to (2.19), the linear system
(5.18) is equivalent to

U, =Pl (A +EB)V, V, =Py (AE+¢B)'U, M, =U"(A¢+EB)Y,

which can be simplified and rearranged as

(PGAYe + U (VT BV) = U, — (PLAU) Mg,
(PVB)Ve + Ve (U AU) =V, — (P:BV) M, (5.19)
(UTAU)Mg + Me(VTBV) = M, — (UT A)Us — (V' B)Ve) "

Taking the eigenvalue decompositions
VIBV = QuAQ/;, A =diag(\i,...,\), UTAU = QvKQY,, K = diag(ki,..., k)

and with the change of coordinates

Ue = UeQu, U, =U,Qu, U=UQy,
‘_/E =VeQv, Vn =VQv, V=VQu,
M§ = QEMﬁQUv 77] = QEMHQUv
the system (5.19) is equivalent to
(PEA)Ue + UeA = Uy, — (AU — UK) M, (5.20a)
(PEB)Ve + VeK =V, — (BV = VA)M (5.20D)
KMg + MeA = M, — (U AU — (V' B)V) T, (5.20c)
together with the orthogonality constraints f/gf/ = 7; U = 0,. Reading equation

(5.20a) on the i-th column yields

(PEA)Ue(:, 1) + A\iUe(:,4) = Uy(:,4) — (AU — UK)Me(:,3)  s.t. U Ue(:,4) = 0,
which is equivalent to the saddle point system

A+ NI U U&(:,i)
U’ 0 Yu

_ [ﬁn(:,i) — (AU — UK) Me(:, i) (5.21)
0
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with y, € R” the dual variable. Since U and A + A\;I are full-rank, the above system is
nonsingular. Given that r is expected to be relatively low, an explicit solution can be

obtained by inverting the Schur complement. It holds
Ue(:yi) = wl) — ED M (:, 1) (5.22)

where

SO = _UT(A+ Nl U e R,

w) = (I + (A+ XLn) U (SO) U ) (A + Mill) 1Ty (2,1, (5.23)
£ = (Im T (At Ailm)‘IU(SS))_lﬁT) (A+ Xilpn) ' (AU — UK).

u

Similarly, from (5.20b) one can write

Ve(:yi) = w®) — EOMe(i,:)" (5.24)

0 g0 ) p0)

where expressions for wy,’, Fy ’ are analogues of the ones for wy,’, Fy’. Let us denote

Wo=[w® ... W], AD = NI — (OTAHFD,
Wy =[w? ... W], K® = kI, — (VT B)F{".

Substituting the previously obtained expressions in (5.20c) yields

Me(1,:)(KW)T
[ AOM( 1) [ | ADMGr) |+ : =R, (5.25)
M (r, ) (KT

where
R=M,— (U"AW, - (V' B)W,)". (5.26)

Let 11, € R™*" be the perfect shuffle matrix. Vectorizing (5.25) we obtain the 72 x 2
system

A KO
Fvec(Mg) = vec(R), F = S I, |. (5.27)

)

A )

Once we solve for Mg, we can obtain Ug, V¢ using (5.22) and (5.24) respectively,
and finally, revert the change of coordinates to obtain Uz = U QE, Ve = VQ; and

Me = Qv MeQJ,.

Implementation aspects and complexity The two dominant costs are the assem-
bly of wﬁf),w&”, qu), 152) fori=1,...,r, as described in (5.23), and the solution of the
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r? x r? system (5.27).

Concerning (5.23), for each i, we need to apply (A + A\iI,,) " to U, (AU — UK) and
Un(:,i). If we denote by ca(m) the complexity of applying (A + A\;I,,)~! to a vector
in R™ the cost is O(ca(m)r). Then, computing the Cholesky factorization of S
solving by backward and forward substitutions r+1 systems with matrix S&i) gives a cost
O(r?). In total, the cost of assembling the system (5.27) is O (ca(m)r? + cg(n)r?) +
O(r*) (where cg(n) denotes the complexity of applying (B + k;I,)~! to a vector in

and

R™). Usually 7 < m,n, and the dominating term is O (ca(m)r? + cg(n)r?). Assuming
optimal complexity c4(m) = O(m) and cg(n) = O(n), the cost is O(mr? +nr?) + O(r*)
operations, which is the same asymptotic complexity as computing a retraction or a
transporter if r = O(y/m + n). Moreover, the construction of w&“,w,@,F&“,Fﬁ“ for
different ¢’s is embarrassingly parallel.

Solving the 72 x 72 system (5.27) with a direct method results in a O(r%) cost in
general, which is feasible only for relatively small ranks. For larger ranks, it is advisable
to use an iterative solver like CG, with the structure of F' that can be exploited to apply
it with cost O(r?).

Finally, if we wish to solve (5.18) for a fixed X and multiple right-hand-sides n €
T x M., as it happens when preconditioning tCG, after the first iteration the subsequent
system assembly can be carried out with a lower cost. Indeed, the system matrix F'
remains the same, and we only need to compute the right-hand side R in (5.26). If
we store the matrices (A 4+ M\il,)~'U, (A + NI,) (AU — UK), (B + k;I,)" 'V, and
(B+k;I,) " (BV—=VA), foralli =1,...,r, given that the Cholesky factorizations of Sq(f)
and S8 have already been computed, computing W,, and W, costs O(ca(m)r+cpg(n)r+
r3) flops. The matrix products in (5.26) contribute an extra cost of O(nr? + mr?).
Consequently, the overall complexity of subsequent system assembly is O(ca(m)r +
cg(n)r)+0O(nr24+mr?). Despite maintaining an asymptotic complexity of O(nr2+mr?)
if ca(m) = O(m), ecg(n) = O(n) and r = O(y/m + n), the constants hidden by big-
O notation are substantially lower, and the system assembly is considerably faster in
practice. The downside is that memory requirements increase from O(r(n + m)) to

O(r?(n +m)).

5.2.2 The case PX = AXD +FEXB

Let us consider a preconditioner PX = AXD + EXB, where A,B,D,E = 0. When
attempting to solve the linear system

Projx(A¢D + E¢B) =n e TxM,, (5.28)

for a given n € TxM,, using an approach similar to the one in the previous section
appears impractical. Indeed, due to the presence of matrices on both sides of &, reading
the equations on the components (M,,Uy,, V) does not yield decoupled equations for
Ue and Ve. We propose to resort to the Sylvester case in Section 5.2.1 by a change of
metric.
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Recall that in preconditioning using P, the goal is to employ Riemannian optimiza-
tion algorithms in the metric induced by P. We can write

P =BP where BX = EXD,

- . . . (5.29)
PX =B""PX=E""AX+ XBD .

The linear operator Pis a symmetric positive definite linear operator with respect to
the metric induced by B. Moreover, for all X,Y € R™*"™ it holds

(X,Y)p = (X,PY) = <X, B75y> = <X, 75Y>B,

i.e., the metric induced by P (using as a base metric the Frobenius metric) coincides with
the metric induced by P using as a base metric the metric induced by B. Therefore, to
run Riemannian optimization in the metric induced by P, we can use the tools developed
in Section 5.1.2 for the manifold of fixed-rank matrices with the metric induced by B
and run algorithms through the action of 75)_(1. Applying 75)_(1 to a vector n € Tx M,
requires solving

Proj5 (P¢) = Proj5 (E1A¢ +¢€BD ) =70 €€ TxM,. (5.30)

The advantage, compared to (5.28), is that now B 1PX = E~'AX + XBD™ ! is a
Sylvester operator, enabling us to employ techniques akin to those in the previous sec-
tion. However, we want to avoid explicitly assembling the matrices F~'4 and BD™!.

Using the notation from Section 5.1.2; if n = (an Unv Vn) and £ = (Mg, va Vg), by
(5.12) and doing appropriate simplifications, the linear system (5.30) can be rearranged
as

(I, — EUU")AU; + EU:(V'BV) = EU,, — (AU — EU(U " AU)) Mg,
(Im — DVV")BV; + DV¢(U" AU) = DV, — (BV — DV(V' BV)) M, (5.31)
(07 A NI + N(VT BY) = i, — (07 A0 — (VT B)Va)

along with orthogonality constraints UgEU = TN/ng/ = 0,.. At this point, one can follow
a procedure analogous to that in Section 5.2.1. Take the eigenvalue decompositions

VBV = QuAQ{;, A =diag(\i,...,\), UTAU = QvKQy,, K = diag(ki, ..., k)

and rewrite (5.31) using the change of coordinates

Ug:UgQU, _n:UnQUv U:UQV7
Ve = VeQv, Vyy = Vi Qv V =VQu,
Me = Qv M:Qu, M, = Q\M,Qu.

Reading the resulting system for (75 on the i-the column, together with the orthogonality
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constrains Ug EU = 0,, yields the saddle point system

A+ NE EU| |Ug(:,i)|  |EU,(:i) — (AU — EUK)Me(:, 1) (5.32)
(EU)T 0 e | 0 '
Using the Schur complement one obtains
Ue(:i) = w) — B M2, )
where the resulting wz(j) and Fqgi) are now given by
SO — _(EU)"(A+ NE)"Y(EU) e R,
W) = (In+ (A+ XE) " (EO)(S) T (BO)T) (A+ NE) 7Ty (:, ), (5.33)

F{) = (Ln + (A+ \E)"H(EO)(SP) " (BU)") (A+ \B) "' (AU — EUK).
Similar expressions can be derived for Vg, wq()i) and Fqgi). The rest of the assembly of
the 72 x 72 system for vec(My) is entirely identical to Section 5.2.1. Tt is important to
note that there is no need to explicitly compute the matrices E~'A4 and D~!B; instead,
matrices of the pencils A + AF and B + kD are used.

Implementation aspects and complexity The analysis of computational costs mir-
rors that in Section 5.2.1. Specifically, it is sufficient to substitute the cost c4(m), re-
lated to the application of (A + A\;I,,) "%, with the cost c(a,g)(m) for the application of
(A+XE)~1; similarly the cost ¢ g py(n) for the application of (B+k; D)~ replaces cp(n).
In many applications, optimal complexities c 4, g)(m) = O(m) and ¢(p py(n) = O(n) are
achieved, such as when matrices A, B, E/, D are banded, or sparse with a suitable sparsity
patter, and the total cost for system assembly remains O(mr?+nr?)+O(r?) operations.

The considerations from Section 5.2.1 regarding the computational cost of solving
the final 72 x r2 system remain applicable. Furthermore, akin to the previous section,
the computational cost of subsequent applications of the preconditioner can be reduced
when solving (5.30) for a fixed X and multiple right-hand-sides n € Tx M,.

5.3 Alternating-Direction Implicit (ADI) iteration

The effectiveness of preconditioned methods crucially depends on the efficient applica-
tion of the preconditioner’s inverse. This principle holds true both in the linear algebra
interpretation of the term preconditioning and within the domain of Riemannian opti-
mization. Typically, as a preconditioner accelerates convergence in terms of iterations,
there is a corresponding increase in the computational expense when applying its in-
verse. Consequently, when a symmetric positive definite linear operator is identified as
a suitable preconditioner, a pragmatic and often more efficient approach involves opting
for an approximate inverse. This strategy aims to strike the delicate balance between
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computational efficiency and the benefits of preconditioning.

If the preconditioner takes the form of a Sylvester operator PX = AXD 4+ EXB
with A, B,D,E > 0, applying P! entails solving a Sylvester equation. An effective
strategy for approximating the inverse is the Alternating Direction Implicit (ADI) iter-
ation [BLT09; TW18; Wac08; Wacl3]. In this section, we first introduce the ADI iter-
ation, which will prove valuable in preconditioning the resolution of multiterm matrix
equations through Conjugate Gradient with Truncation (Algorithm 1) and the Rieman-
nian truncated preconditioned Richardson iteration (Section 3.4.2). Following this, we
then formulate an ADI-like iteration for solving the projected Sylvester equation (5.28).
This iteration aims to approximate the inverse of the corresponding Riemannian pre-
conditioner Px = Projy o P o Projy, serving as an (approximate) preconditioner for
Riemannian methods.

5.3.1 ADI iteration for Sylvester equations

The Alternating Direction Implicit (ADI) method was first introduced in [PR55] for the
solution of elliptic and parabolic differential equation. In the linear algebra context,
ADI is an iterative method that addresses the solution of linear systems where the sys-
tem matrix A is SPD and can be written as a sum of two SPD commuting matrices
H and V [Wacl3]. In such a case, often referred as the ADI model problem, rigorous
theoretical convergence analysis is available and rapid convergence of ADI can be guar-
anteed [Wacl3]. However, ADI is often employed even when H and V' do not commute,
although convergence analysis becomes less precise [Var00].

It was later observed in [EW86; Wac88] that a Sylvester operator PX = AX + X B
can be regarded as the sum of two commuting linear operators: left-multiplication by
A and right-multiplication by B. This observation makes it suitable for the application
of ADI. Note that if A,B = 0, symmetry and positive definiteness are guaranteed.
However, the SPD requirement can be relaxed to only requiring that A and B are N-
stable, i.e., their eigenvalues have positive real part [Wac88; Wac08]. The ADI iteration
for the solution of AX + X B = F' is given by:

(A= qDXU™2) = F - XU"V(B + ¢;I),

- 4 (5.34)
XO(B +p;jl) = F — (A= p;)XU72),

where we made a slight abuse of notation indicating with I the identity matrix of size n or
m. An initial guess Xy is required, typically set to Xy = 0, and the tuples {(p;, qj)}le
are the shift parameters. The choice of shift parameters significantly influences the
convergence of ADI.
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5.3.1.1 ADI as a fixed-point iteration

Observing that (A4 — p;I), (A — g;I), (A —p;I)~! and (A — ¢;I)~" commute, and the
same holds for shifts of B, the two-step iteration (5.34) can be expressed as

X0 = (A= ;D)7 (0 = g)F + (A=p; DXV V(B + D] (B+p; )" (5.35)

Although it is crucial to employ different shifts at each iteration for a faster convergence
of ADI (see Section 5.3.1.2) it is noteworthy that if the same shift parameters (p;,q;) =
(p,q) are used at each iteration, then (5.35) can be viewed as a fixed-point iteration
resulting from a rewriting of the Sylvester operator. Indeed, as observed in [Smi68;
Wac88|, given shift parameters p,q € R such that p # ¢, the Sylvester operator PX =
AX + X B can be rewritten as

px = 1 ( (A—qD)X(B + pI) — (A — pI)X(B + qI) ) . (5.36)

p—q
g(Xx) N(X)

This splitting suggests the fixed-point iteration
(A= gD)XY(B+pl) = (p— q)F + (A~ p)XU~(B + qI) (5.37)

which is equivalent to (5.35) with shift parameters (pj;, ;) = (p,q). Assuming that the
matrices A and B are diagonalizable (for instance, if A, B > 0), the convergence speed
is governed by

1 B ()\A—p)()\B+Q)
P (g N) - )\fel?\}({A) Aa—q)As+p)/
AB€EA(B)

where p(-) denotes the spectral radius and A(-) the spectrum.

5.3.1.2 Convergence of ADI and computing the shift parameters

Let X, denote the exact solution of the Sylvester equation AX +X B = F. The rewriting
in (5.35) yields an error equation for the ADI iterates, as given in [BLT09; TW18]:

k
I
Xo = X0 = () (X, = XO)ri(=B)™", me(2) =[] ﬁ (5.38)
J

j=1
Assuming that A and B are diagonalizable, with eigendecompositions A = VA7V !
and B = VpAgVy!, (5.38) leads to the bound on the approximation error || X — X ®)||p:

X, = XW g

SUPzeA(A) ri(2)]
”X* - X(O)”F '

< (A2 - re(=B) 2 < k2 (Va)ka (Vi) Mg ()]

(5.39)

Note that in the case of interest, where A and B are symmetric positive definite,
ko(Va) = kao(Ve) = 1. As the spectra A(A) and A(B) are often unknown and ex-
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pensive to estimate numerically, one replaces them with closed disjoint sets E O A(A)
and F' O A(—B). The Wachspress optimal ADI shifts are then defined by the zeros and
poles of the rational function that achieves the Zolotarev number Zi(E, F)

Zp(E, F) = inf SUPep Iri(2)|
re=hg [tk inf.ep [ri(2)|
deg(hy)=deg(ty)=k

Explicit bounds for Zy(E, F') are known for specific choices of E and F, see [Wac88;
BT17; TW18; BT19] and the references therein. As a rule of thumb, Zx(E, F) rapidly
approaches zero as k increases when E and F are well-separated [Sta92]. For symmetric
positive definite matrices A and B, taking real intervals E = [a,b] and F' = [¢,d], an
explicit bound on the Zolotarev number is derived in [BT19] as

2 o |c — al|d — b

eX e — —_ .

P 210g(167) T T ez b|ld—df
The corresponding optimal ADI poles can be computed using elliptic integrals of the

first kind, as detailed in [EW91; BMS07; Wac13].
To compute the Wachspress optimal ADI shifts, knowledge of the intervals [a, b] and

Zj, ([a7 b]: [07 d]) <4

[c,d] is necessary, corresponding to bounds on the spectra of A and B. In practical
applications, theoretical bounds are usually difficult to obtain, leading to the need for
numerical estimation of extreme eigenvalues. This can be achieved through methods such
as power iteration and inverse iteration, or by an Arnoldi process [GV13]. Alternatively,
heuristic strategies can be employed to compute suboptimal parameters, such as the ones
proposed in [Pen99; Pen00b]. Additional heuristics are available in [KBS14; BMS07] and
related references.

5.3.1.3 ADI iteration for generalized Sylvester equations

The ADI iteration can be extended to solve generalized Sylvester equations
AXD + EXB = F. Assuming invertibility of £ and D, the generalized Sylvester equa-
tion can be (formally) rewritten as:

E'AX +XBD'=E'FD! (5.40)
Following (5.35), an ADI iteration for (5.40) can be expressed as:
(A—¢E)XYD(B+p;D) = (pj — ¢j)F + (A — p;E)XU=D(B + ¢;D) (5.41)

For fixed shift parameters (p;, ¢;) = (p, ¢), (5.41) can be viewed as a fixed-point iteration
derived from the rewriting of the generalized Sylvester operator as

AXD + EXB = piq ((A — qE)X(B 4 pD) — (A — pE)X(B + qD)>. (5.42)
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It is important to note that inverting F and D is just a formal step and is not neces-
sary during the algorithm’s application, where only the matrix pencils (A4, F) and (B, D)
are used. For the convergence analysis and the calculation of ADI shift parameters, it
suffices to replace A(A) with A(E~1A) = A(A, E), and similarly A(B) with A(B, D).

5.3.2 Factored ADI (fADI) iteration

The factored ADI (fADI) iteration is equivalent to the ADI iteration with initialization
X©) =0, but computes XU implicitly by obtaining a low-rank factorization of it. It
was initially proposed for stable Lyapunov equations [Pen99; LW02; Pen00b] and then
extended to the Sylvester case [BLT09; TW18]. We describe it here for solving the
generalized Sylvester equation AXD" + EXB" = F. Let F = MNT with M € R™*?
and N € R™ 7 after k iterations of fADI X*) is expressed as X*) = I/I/(’“)D(k)Y(k)T7
where
D) = blkdiag (1 — a1)Lp, (b2 = 42) s -, (1 = @) 1)
Wk — [ WO [ We | ] y (&) — { YO | Y@ || v® ]
W =(A-qE)'M, WU = (A- g E) (A-pE)WV),
YU =(B+pD)'N, YU =(B+p; D) (B+¢D)Y.

(5.43)

Each fADI step increases the rank of the tentative solution X) by p. Notably, the
dominant computational cost in each iteration is the solution of p linear systems with
matrices (A—g¢;E) and (B+p;D), in contrast to n and m as in the ADI iteration (5.41).
If p < n,m, that is, if the right-hand-side F' is low-rank, the computational cost of fADI
is significantly lower than that of ADI.

5.3.3 ADI-like iteration on the tangent space (tangADI)

Our objective is to develop an ADI-like iteration for solving the projected generalized

Sylvester equation
Projx(A{D + E{B) =1 e TxM,, (5.44)

where n € Tx M, is given and A, B, D, E > 0. Starting from the simpler case of £ = I,
and D = I,,, one might consider applying the ADI iteration using the splitting

Projx (A€ + £B) = Projx (A) + Projx (£B) .
Hx(€) Vx (€)

However, due to the projection in between, the symmetric positive definite linear oper-
ators Hx,Vx : TxM, — TxM, do not commute. Despite this, we can still leverage
the interpretation of ADI as a fixed-point iteration. By the linearity of the projection,
the rewriting in (5.42) extends to (5.44). Thus, we define the following iteration, which
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5.3. Alternating-Direction Implicit (ADI) iteration

we will refer to as the tangADI iteration:

Projy ((A—g;E)EV)(B+p; D)) = Projx (A=p; E)U~D(B+4;D)) +(p;—g;)n. (5.45)

While theoretical justification and convergence results are established only for the fixed-
point iteration, that is, repeating the same shifts parameters (p;,q;) = (p,q), a faster
convergence is often observed in practice when employing multiple shift parameters, akin
to the standard ADI iteration. Note that to recover the implicitly defined §; in (5.45),
techniques discussed in Section 5.1.1 can be employed.

5.3.3.1 Convergence and computing the shift parameters

We express the tangADI iteration (5.45) as

G;(€9)) = N3 (€971) + (pj — q5)m,
where

Gj(X)=(A—-q;E)X(B+p;D), G; = Projx o Gj o Projy : Tx M, — TxM,,

N;(X)=(A—p;E)X(B+¢;D), Nj == Projy o N o Projy : Tx M, — TxM,.
If &, denotes the exact solution of (5.44), we obtain the error equation
& — €W =GN (& — X)) = = GG G N - GV (E — €O)).

If the fixed-point iteration is employed, i.e., (p;, ¢;) = (p, q) for all j, then convergence is

governed by p(gf 1/\71). By the interlacing properties of eigenvalues for definite matrix
pencils [LY91; KPS14],
,0(51_1]\71) < p(gfl/\/i),

indicating that the convergence is at least as fast as ADI with the same pair of shifts
(pj,qj) = (p,q) used at each iteration. This ensures the convergence of tangADI in its
fixed-point version. However, the question remains open regarding the convergence and
speed of convergence when different shift parameters are employed at each iteration. In
practice, we observed that convergence can be significantly accelerated by employing
different shift parameters, choosing them as discussed in the next paragraph.

The previous observation about the convergence of the fixed-point tangADI iteration
suggests using the same shift parameters for tangADI as would be used in standard ADI,
without the projection to the tangent. While these parameters may be suboptimal,
due to the spectrum narrowing with projection, the advantage lies in computing them
once, independently of the point X. Subsequently, they can be reused to solve the
projected Sylvester equation (5.44) on the tangent at different points X € M,. This
proves particularly useful in our case, where we aim to employ the tangADI iteration
to approximate the action of 73)_(1 during preconditioned Riemannian methods, with the
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current iterate X changing.

5.3.3.2 Implementation aspects and complexity

Let us now detail the implementation of the tangADI iteration implicitly defined by
(5.45). Let X = USVT and n = (M,,U,,V,). Denote the j-th iterate of tangADI as
€W = (M;,Uj;, V), and define Z; == (A — ij)é(jfl)(B + ¢;D). Using the techniques
discussed in Section 5.1.1, we get

Ujt1 = PH(A - ¢;E)"H(Z;V + U, + UM,)(V'BV +p;V ' DV)~*
Vi1 =Py(B+p;D) N (Z]U+V,+ VM, U AU — q;UTEU)™!
M= (U"TAU — q;U " EU)™! [UTZjV + M, ~U"AU; 1(VI BV +p;V DV) +
+(UTAU - quTEU)VjLBV} (VTBV +p;VTDV)~1

Efficient computation of Z;V and Z]-T U is possible observing that

O =lv|u |[vM+v; |V ]T::YJ»W]T,
Z;V = [(A+p;B)Y;| (B + qu)Wj]TV,
N
Z]U = (B + ¢ D)W;|[(A+p;E)Y;] U.
The two dominant costs of the j-th iteration are:

 The solution of r linear systems with matrices (A — ¢;F) and (B + p;D), with a
complexity of O(r - c 4 g)(m) +7 - g py(n)).

o The solution of m linear systems with the dense matrix (U AU —q;UT EU) and n
linear systems with the dense matrix (VTB V —pj VTDV), which, after a Cholesky
factorization, gives a complexity of O(r®) + O(r?(m +n)) = O(r*(m + n)).

Therefore, the total complexity of one tangADI step is O (r c(a,p)(m) + 7B p) (n)) +
O (r*(m+n)). As already discussed, in many applications c(4 g)(m) = O(m) and
¢(,p)(n) = O(n), resulting in a total asymptotic complexity of O(r?(m + n)).

Just as tangADI approximates the action of 73)_(1, fADI can serve as an approx-
imate inverse of PX = AXD + EXB in the Riemannian truncated preconditioned
Richardson iteration. Therefore, it is meaningful to compare the per-iteration cost of
applying tangADI with the Riemannian gradient as the right-hand side to the per-
iteration cost of fADI with the Euclidean gradient as the right-hand side. Observing
that the Euclidean gradient (4.4) has low-rank factors with ({7 + rp) columns, each
iteration of fADI involves solving (¢7 + rp) linear systems with matrices (A — ¢;£) and
(B +p;D), against the r of tangADI. Additionally, after k fADI steps, a matrix of rank
k(¢ r+rp) needs to be projected to the tangent, resulting in an extra final projection cost
of O(k({r 4+ rg)r(m+n)). Moreover, it is worth noting that the memory requirements
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of tangADI remain independent of the number of steps k, while for fADI they increase
linearly with k. It is important to emphasize that the cost of fADI can be significantly
reduced by truncating the Euclidean gradient (i.e., the residual) using a criterion similar
to the one employed for truncating the residual in CG with truncation. However, in this
case, the cost of truncation must also be added to the complexity.
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Chapter 6

Optimizing over fixed-rank
symmetric positive semidefinite
matrices

In certain cases, the solution of a multiterm Lyapunov equation is guaranteed to be
symmetric positive semidefinite. See, for example, [SZ70] and [Pen98, Theorem 3] for
standard and generalized Lyapunov equations, respectively, and [BD11, Theorem 3.9]
for the multiterm scenario. Under these conditions, it becomes meaningful to optimize
directly on fixed-rank symmetric positive semidefinite matrices. This is the approach
taken in [VV10] to develop an efficient solver for generalized Lyapunov equations. Most
of the techniques developed in this thesis can be readily adapted to the positive semidef-
inite case. This chapter provides a brief outline of this adaptation.

6.1 Embedded geometry of fixed-rank symmetric positive
semidefinite matrices
We provide a brief overview of the embedded geometry of fixed-rank positive semidefinite

matrices. We introduce only the essential tools; for a comprehensive survey and proofs,
readers are referred to [Vanl0, § 3].

Proposition 6.1. The set S}, = {X ER™™ : X =X T X =0, rank(X) = 7‘} is an
embedded submanifold of R™*™ for every 0 < r < n. Moreover, dim S:{m =nr—r(r—1)/2.

Using an eigenvalue decomposition one can express S,
b

, as follows:
St ={VvDVT :VeStn,r), D=diag(d,....d), d1 > >dp >0}, (6.1)

Proposition 6.2 (Tangent space). The tangent space TxS;, at X = VDV ¢ S:;T 18

n,r
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matrices

given by

H KT T
TxS;, = {[v VL] [ ] [V vi] :HeSym(r), K¢ R(”T)”}
K 0 (6.2)
_ {VHVT +V VT +VV  H e Sym(r), V, e R, VTV = o} .

To identify a point X € Sf{ﬂn and store it in memory, it is convenient to store its

eigenvalue decomposition (V, D). Once we have X € Sf{,r

represented by (V, D), a tan-
gent vector £ € T XSf{,T can be represented by storing the matrices (H,V,). We consider
S;{’r as an embedded submanifold of R™*™ equipped with the Frobenius metric. With

this metric, the inner product of £,& € TxS;t,, where £ = (H,V},) and ¢ = (H', V),

n,ry

can be computed as (£,&') = (H, H') + 2(V,, Vo)

Orthogonal projectors Consider X = VDV € SF

n,ry

and denote Py = VVT
and P‘l/ = I, — Py. The orthogonal projection of Z € R™*"™ onto TXS;T is expressed as

Projy(Z) = Py sym(Z)Py + Py sym(Z)Py + Pir sym(Z)Py, (6.3)
where sym(Z) = (Z+Z7)/2. Additionally, the projection is represented by the matrices:

H=V'sym(Z)V, V,=sym(Z)V —VH. (6.4)

Metric projection retraction As one could expect, the metric projection retrac-
tion is not defined on the entire tangent bundle but is locally defined, for £ € T XS;T
small enough. Specifically, the following theorem is applicable.

Theorem 6.3 ([VV10, Theorem 5.7]). Let X € R™ "™ be a symmetric matriz with
n4 positive and n_ negative eigenvalues. Let its eigenvalue decomposition be X =
Vdiag(dy,...,d,) V" withdy >---> dny, >0>dp_p_y1 > >dy. The best symmet-
ric positive semidefinite approzimation of rank r in the Frobenius norm exists if and only
if no. > 1. One such minimizer is given by stm(X) = Vdiag(ds,...,d,,0,...,0)VT.

Refer to [VV10, § 5.4] for sufficient conditions on & for the existence of Rx () =
Pg+ (X + &) and details on efficient computation.

From Euclidean to Riemannian: gradient and Hessian Since we equipped
S;ZT with the ambient space metric, the Riemannian gradient of f is obtained by project-
ing the Euclidean gradient of an extension f. Using similar ideas as in Proposition 2.28,
the following formulas for the Riemannian Hessian are derived. Let X = VDV € S;LF,T,
and let £ € TxS}, be represented by (He,Ve). Denote S = sym(gradf(X)) and
S = sym(Hessf(X)[€]). Then Hessf(X)[¢] € TxS,, is represented by (H,V,) where

H=V'8V, V,=P§($V+SVD"). (6.5)
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6.2 Preconditioners

In the case of optimization on sz_,r preconditioners can be developed in a manner similar
to Chapter 5. Given that the projection to the tangent (6.3) is such that Projy(Z) =
Proj y (sym(Z)), it makes sense to consider only preconditioners P for which (P¢) T = P¢
for every symmetric matrix . Therefore, given matrices A, M > 0, we consider the one-
term preconditioner PX = M X M, the Lyapunov preconditioner PX = AX + X A and
the generalized Lyapunov preconditioner PX = AXM + M X A.

6.2.1 PX = MXM where M >0

6.2.2 Applying Py'

Analogously to the procedure outlined in Section 5.1.1, consider X € S;;T and a tangent
vector n) € Tx S} represented by the tuple (H,, V;). The solution to the equation

Projy(MEM) =n &€ TxS,

is given by § = (Hg, Vg), where
Ve = PpM -~ (VHe + V),

He = (VTMV)™ Mg — (VIMV)(VE MV) — ((VU\W)(VQJ\W))T (VTMv)~L

6.2.2.1 Geometry with the metric induced by PX = M XM

The Riemannian optimization tools for S}, as a Riemannian submanifold of R"*" with
the metric induced by PX = M XM are developed similarly to Section 5.1.2.

Storing points and tangent vectors A point X € Sg},q is represented by the
thin decomposition X = VDV where VMV = I, and D = diag(d}, . ,Jr), dy >
R Jr > 0. Note that here Jl, . ,Cir are not the nonzero eigenvalues of X. They are
the nonzero eigenvalues of Cpy X C’]\E, where M = C]\T4C v is the Cholesky decomposition

of M. Tangent vectors { € T XS;{?T can be written as

{zVE[VT—i—VpVT—FVVpT where f/pTMV:O,lEI:E[T.

The inner product between £,&" € TxS, with £ = (H,V,) and ¢ = (ﬁ’,f/p’) is then

n,r

computed as (£,&') = (H, H') + 2(17][,,M1~/p’>.

Orthogonal projectors Let X = VDV ¢ S;LF,T,
PJ_,’P
1%

and define P‘7~; =VVTM and
=1, — Pg. The orthogonal projection of Z € R™ "™ onto TxS,! ., with respect to

n,rs
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the inner product induced by PX = M X M, is represented by

H=V"Msym(Z)MV
o (6.6)

Vp =Po7 sym(Z)MV = sym(Z)MV — VH.

Metric projection to S:[’T Let X € R™™ "™ be a symmetric matrix with n4 positive
and n_ negative eigenvalues, and let X = f/diag(cil, e ,Jn)VT, with V e R"*" M-
orthogonal and (L > > CZM >0 > dNn_mH >0 > cin. The metric projection onto
Sj{,r in the metric induced by PX = M X M exists if and only if ny. > r, and is given by
Py (X) = Vdiag(dy,...,d,,0,...,00V".

Gradient and Hessian: from Euclidean to Riemannian Let f : S} — R
be a smooth function with a smooth extension f. Define S = sym(gradf(X)) and
S = sym(Hessf(X)[¢]), where £ € TxS, . and is represented by the tuple (Hge, Vg). The
Riemannian gradient of f at X = VDV, with respect to the metric induced by P, is

gradp f(X) = (H,V;), where
H=V'SV, V,=M1'SV-VH=M" [SV—MVH} : (6.7)
The Riemannian Hessian Hessp f(X)[¢] is represented by
H=V'SV, V,=MYI-MVV") [Sf/ + SV&D_I} : (6.8)

6.2.3 PX =AXM+ MXA where A, M >0

The application of the Lyapunov preconditioner PX = AX + X A is thoroughly discussed
in [VV10, § 7]. While this preconditioner is employed in the same paper as an approxi-
mation for PX = AXM + M X A, particularly when M is as a mass matrix, experiments
detailed in [VV10, § 8.2.3] suggest that if the condition number of M is not close to 1,
such as in cases of non-uniform meshes, the approximation M ~ I is overly simplistic
and does not yield an efficient solver for generalized Lyapunov equations. Consequently,
in this work, we extended our focus to generalized Lyapunov preconditioners of the form
PX =AXM + MXA.

Analogous to the discussion in Section 5.2.2, we are able to apply the preconditioner
PX = AXM + MXA by expressing it as P = BP, where BX = MXM, PX =
B 'PX = M~'AX + XAM™!, and leveraging the Riemannian optimization tools in
the metric induced by B. The detailed calculations parallel those in Section 5.2.2, and
we refrain from reproducing them here.

6.2.4 tangADI

For the approximate resolution of the projected generalized Lyapunov equation
Projy (AEM + MEA) = n € TxS,!,., where £ € TxS; ., an ADI-like iteration on the

n,r n,r’
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tangent space can be developed, similarly to Section 5.3.3. The tangADI iteration for

the Lyapunov case is given by:
Projy (A + p;M)EV (A +p;M)) = Projy (A = p; M)V (A = p;M)) + 2pjn, (6.9)

where for an explicit computation of £) one can proceed analogously to Section 6.2.2.

6.3 Rank adaptivity

To transition from fixed-rank Riemannian optimization to a rank-adaptive algorithm,
we can employ an approach analogous to that outlined in Section 4.4, i.e., alternating
between fixed-rank Riemannian optimization and rank updates. The only difference lies
in the choice of the search direction for the rank increase step, which is determined
as the projection onto the positive semidefinite matrices of rank ryp of the component
orthogonal to the tangent of the negative gradient. This is well-defined if the normal
component of the negative gradient has at least 7, positive eigenvalues. In cases where
this condition is not met, random components can be added until the desired rank is
attained. All other aspects of the RRAM remain unchanged.
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Chapter 7

Numerical Experiments

In this chapter, we conduct an analysis of the performance of preconditioned Riemannian
optimization methods on three representative model problems. The first model prob-
lem serves as a benchmark for a detailed evaluation of line-search Riemannian methods,
model-Hessians for R-TR, and different preconditioners. For the second and third exam-
ples, we directly compare the performance of the most effective Riemannian optimization
methods with established numerical methods for multiterm linear matrix equations.

We implemented all algorithms and preconditioners in MATLAB, R2023a. The pre-
conditioned Riemannian methods are implemented using Manopt [Bou+13]. In R-
NLCG, corresponding to Manopt’s conjugategradient solver, we implemented the
Hestenes-Stiefel modified rule for fj in the preconditioned case (3.24). This imple-
mentation will be included in the upcoming release of Manopt.

To assess the performance of numerical methods with a different nature, relying solely
on iteration counts may be misleading, hence we often conduct a comparison based on
timings. To make this comparison as fair as possible, we have taken care of optimizing
the implementations and the parameters of all methods to a similar extent. The reported
timings are wall times, inclusive of all necessary precomputations for preconditioning,
such as calculating sparse Cholesky factorizations with reordering, spectral bounds, or
ADI shifts. To compare different algorithms, we frequently examine the decrease of the
relative residual in Frobenius norm, defined as

|AX — F|p
reS(X) = W

(7.1)
The computation time of res(Xy) is not included in the timing of the algorithm, except
for CG with truncation and RRAM update steps, both of which use it for the stopping
criterion and compute it as a side effect of truncation.

All numerical experiments and timings are conducted on an Intel® Core™ i7-10750H
2.6 GHz CPU, featuring 6 cores, operating on a 64-bit Windows machine with 16 GB
RAM.
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7.1 Finite difference discretization of 2D PDEs with sep-
arable variables

As a first test problem, we consider a stationary diffusion equation on a square domain
with Dirichlet boundary conditions

(7.2)

-V - (kVu)=f inQ
U=y on 9Q

where Q = [0,1] x [0, 1] is the spatial domain, and the diffusion coefficient k& and the
source term f have separable variables

Ly

k‘(:n,y) =1+ Zajkj,z(m)kj,y(y)v Zﬁjfjx f]y ) (7'3)

=1

Now, consider a finite difference discretization on a uniform mesh with mesh size
h=1/(n+1). Let U € R™", where Us) ~ u(zs,x;) and x; = ih. The resulting
matrix equation reads:

Ly,
PU+UP+Y " a;(4;,UD], + D;,UAJ,) = F (7.4)
j=1

where P is the discretization of the two-dimensional Laplacian. The other matrices on
the left-hand side are defined as (using a MATLAB-like notation):
Ajz =

Lo
ﬁtrldlag ([fkj,z(:cifé), kj,z(:cH%) + kjyz(svif%), fk:jg(acpr%)} , —1: 1) ,

Dj,z = dlag (kj,z($1)7 kj,z($2)a te akj,z(xn)) s

(7.5)

with z = x,y. The right-hand-side F' is given by:

p
F= Z ijjyxf;y + elbl—r + enb;r =+ bdeir + bue;Lra
j=1

[f],z}z = fj z(xz)
[ u]l (‘TZ? h/2)g(xl’ )7 [bd}l = k(xi’ h/Q)Q(xiv 0)7
[ r]] ( _h/27xj)g(17xj)v [bl]j :k(h/27xj)g(0>xj)'

Observe that if & > 0 in 2, the linear operator defined by (7.4) is symmetric positive
definite. Moreover, for each j and for z = x,y, the matrices A; . and D; ., are symmetric.
If kj . > 0, then A;, and Dj . are also positive definite.

For our numerical experiments we consider the following diffusion coefficient, source
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term and boundary data:

Y .
kal

Bay) =1+ o'y, fl,y) =0, glay) =" (7.6)
=1

Observe that k(z,y) represents the truncated power series expansion of e**¥ around 0,
and if £, = +o0, the exact solution becomes u(z,y) = g(z,y) = e **¥. We set {; = 3,
a = 10. The corresponding multiterm linear matrix equation has ¢ = 8 terms, and the
right-hand-side F' has rank rp = 4. The discretization mesh-size is h = 1/(n + 1) with
n = 10000.

Preconditioning A general approach to deriving preconditioners for (7.4) involves
approximating the diffusion coefficient & with a separable variable term, denoted as
ko(x,y) = az(x)ay(y), and constructing the preconditioner based on the discretization
of k4. To be an effective preconditioner, the discretization of k,(x,y) should retain as
much as possible of the ill-conditioning arising from the discretization of k(z,y).

The most straightforward approximation for k(z,y) is its mean, denoted as
ko(z,y) = k = [ k(z,y)dzdy. This results in the preconditioner PX = TX + XT
with T = kP. However, for the diffusion coefficient specified in (7.6), this mean-based
preconditioner becomes less effective as « increases. This is because as a grows, the
deviation of k(x,y) from its mean becomes more pronounced.

Another preconditioner arises by approximating k with the dominant separable term
ko(z,y) = (1 + (\/ax)f) (1 + (\/ay)f). This leads to a preconditioner of the form

PAX = AXD 4+ DXA, where A and D are defined as in (7.5). Following [Vanl0,
§ 4.6.2], a one-sided Lyapunov preconditioner can be obtained neglecting D, i.e., taking
PUX = AX + XA. In our experiments, this one-sided Lyapunov preconditioner per-
formed better than the mean-based one PX = TX 4 XT'. The reason is that neglecting
the matrix D is not too harmful because it is diagonal with condition number in 2-norm
bounded by 1 + /2, which is relatively low and independent of mesh-size.

7.1.1 Numerical results

We aim to achieve a relative residual less than tol = 1076, In hindsight, a rank of r = 15
proves to be sufficient to meet this tolerance. Consequently, for fixed-rank Riemannian
optimization, we employ a rank of r = 15. The initial iterate Xy for Riemannian
optimization is randomly drawn with a Frobenius norm of 1, and it is the same for all
Riemannian optimization methods. We present the results of a single run, noting that
the convergence trend proved to be essentially independent of the initialization.

We determine the truncation tolerances in CG with truncation (Algorithm 1) by
aiming to strike a balance between consistent truncation and achieving a relative residual
of tol. The following values have shown satisfactory performance. For truncation of
the iterates X, we set a relative truncation tolerance €., = 0.0025 - tol. To truncate
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R;, and P, we set €., = 0.1 - tol and €,y = 0.001 - tol, where the notation is the same
as in (1.12). Finally, we do not truncate Q.

In Riemannian line-search methods, we halt optimization if the gradient norm falls
below tolgradnorm = tol - |F||p/2. Alternatively, we stop if the step-size computed
with Armijo backtracking becomes less than oy = 10*4, or if we reach 150 iterations.
In the case of Riemannian optimization using the tools in the metric induced by PX =
DXD, we rescale tolgradnorm by a factor 1/ || D||,, to account for all calculations being
performed in the P-induced norm.

In Riemannian Trust-Region, we terminate optimization if the gradient norm drops
below the same tolgradnorm as above or if we reach 150 iterations. All other parameters
of R-TR (Algorithm 6) are set to Manopt’s defaults. Specifically, we set p’ = 0.1, k = 0.1,
and 6 = 1. The maximum trust-region radius is set to A = /dim M, = /(m +n — r)r,
and the initial radius is Ag = A /8. Additionally, we limit the number of inner iterations
of tCG to 250. While this limitation might impede superlinear convergence, in our
numerical experiments it is never reached when an effective preconditioner is employed.

Comparison of line-search methods and preconditioners In Figure 7.1 we com-
pare different preconditioners applied to line-search Riemannian methods. Specifically,
we consider the Lyapunov one-sided preconditioner PMX = AX + XA and the two-
sided one PAX = AXD + DXA. For the one-sided preconditioner, we present only
the most effective Riemannian method, namely R-NLCG with the exact application of
(P)((l))*l. For the more effective two-sided preconditioner, we compare R-GD and R-
NLCG with the exact application of (73)((2))*1 (using tools from the metric induced by
X — DXD), R-NLCG with 4 steps of tangADI as a preconditioner, and R-NLCG with
Riemannian truncated preconditioned Richardson search direction, using 4 steps of fADI
as a preconditioner. The number of tangADI and fADI steps has been independently
optimized to minimize the convergence time. Optimal Wachspress shifts are employed
in both tangADI and fADI.

The comparison of R-NLCG with the two preconditioners clearly indicates that the
quality of the preconditioner strongly influences convergence. The two-sided precondi-
tioner P2 results in a drastic improvement in convergence. This highlights the effec-
tiveness of the techniques introduced in this thesis for dealing with the two-sided case.
Additionally, the use of R-NLCG over R-GD contributes to significantly reducing the
number of iterations, with a similar reduction observed also in time.

Both tangADI and the Riemannian truncated preconditioned Richardson with fADI
as a preconditioner exhibit a slower convergence rate compared to preconditioning via
the exact application (77&2))_1. In the case of Riemannian truncated preconditioned
Richardson, to reduce the cost of fADI, we incorporate truncation of the Euclidean
gradient (i.e., the residual) with a criterion similar to the one used for truncating the
residual in CG with truncation. However, despite this adjustment, tangADI enjoys a
lower per-iteration cost on average, resulting in lower timings.
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R-NLCG + P®X = AXD + DXA (exact) —e—R-NLCG + P®X = AXD + DX A tangADIx4
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Figure 7.1: FD of 2D PDFEs with separable variables, with « = 10 and n = 10000. Preconditioned
Riemannian line-search methods on matrices of rank r = 15. Lyapunov preconditioner PN X =
AX + X A: optimization using exact (Pg(l))_l. Two-sided preconditioner PPX = AXD +
DXA: erxact (73*;2))_1 (using tools in the metric induced by X — DXD), 4 steps of tangADI,
and Riemannian truncated preconditioned Richardson search direction with 4 fADI steps. Left:
relative residual vs. iterations. Right: relative residual vs. time.

Comparison of R-TR model Hessians and preconditioners We conduct a com-
parison of different model Hessians and preconditioners for Riemannian Trust-Region.
Results are shown in Figure 7.2.

Initially, we compare the Riemannian Hessian Hg?) = Hessf(X) and the projected
Euclidean Hessian Hgf) = Projy o Ao Projy as model Hessians, both utilizing the two-
sided preconditioner PP X = AX D + DX A. Notably, the projected Euclidean Hessian
exhibits convergence in a remarkably low number of iterations, while the convergence
rate of R-TR with the Riemannian Hessian is considerably slower. Additionally, when
employing the Riemannian Hessian, we observed that during the solution of the trust-
region subproblem, tCG halts after only a few iterations, either due to detecting a neg-
ative eigenvalue or reaching the trust-region boundary, leading to continuous reduction
or enlargement of the trust-region’s radius.

A plausible explanation for this phenomenon is as follows: the Riemannian Hessian
at X = UXVT, computed in (2.23), consists of the sum of the projected Euclidean
Hessian (which is positive definite) and a curvature term dependent on the normal
component of gradf(X) = AX — F and on ©~!. This curvature term is always zero
or indefinite, with eigenvalues characterized in Proposition 2.30, and can render the
Riemannian Hessian indefinite. Suppose we chose r = 15 correctly, meaning the exact
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solution X, has a numerical rank of r. Then its r-th singular value o, will likely be
close to 0, say o, & €mach- Suppose also that the sequence generated by R-TR converges
to X,. In theory, there exists a neighborhood of X, where the Riemannian Hessian is
positive definite, and where we observe local quadratic convergence. However, for the
projected Euclidean Hessian to dominate the curvature term, so that the Riemannian
Hessian is guaranteed to be positive definite, we need to approach X, closely enough

that the reduction in the norm of the normal residual compensates for the fact that ¥~

has (at least) one entry in the order of o~ L If 0, & €mach, achieving this accuracy is

challenging in practice. Moreover, as X}, approaches X,, the linear systems with X1
become ill-conditioned, and this is responsible for the final oscillations of R-TR with
Riemannian Hessian. We observed that regularizing the Hessian partially removed the
oscillations but did not improve convergence.

When employing the projected Euclidean Hessian, the number of outer R-TR itera-
tions is not much by the preconditioner. Nevertheless, employing an effective precondi-
tioner significantly reduces the number of inner tCG iterations, consequently reducing
the overall convergence time. This difference is particularly evident close to convergence,
where accurate TRs resolution is required. Additionally, the superior performance of the
exact preconditioner over tangADI can also be attributed to the fact that, with X fixed,
subsequent applications of (73&2))—1 are considerably less expensive.
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R-TR Riemann. Hess + P@X = AXD + DXA (exact)
R-TR Proj. EHess + PP X = AXD + DX A (exact)

——%—R-TR Proj. EHess + PWX = AX + X A (exact)
—&—R-TR Proj. EHess + P®X = AXD + DX A tangADIx4

Figure 7.2: FD of 2D PDFEs with separable variables, with « = 10 and n = 10000. Preconditioned
Riemannian Trust-Region on matrices of rank r = 15. Comparison of Riemannian Hessian and
projected Euclidean Hessian as model Hessians for R-TR, along with different preconditioners.
Lyapunov preconditioner PMX = AX + X A: optimization using ezact (Pg(l))’l. Two-sided
preconditioner PAX = AXD + DXA: exact (Pg?))’l (using tools in the metric induced by

X +— DXD) and 4 steps of tangADI. Left: relative residual vs. iterations. Right: relative
residual vs. time.
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Comparison of Riemannian optimization and CG with truncation Figure 7.3
presents a comparison of the best fixed-rank Riemannian methods, CG with truncation,
CG with truncation and rank cap at r = 15, and Riemannian rank-adaptive methods.
For RRAMs, the initial rank is set to rg = 3 and the rank increment to 7., = 3.

Among fixed-rank methods, the most effective method is R-TR with projected Eu-
clidean Hessian, outperforming R-NLCG in iterations. Since the matrix equation in-
volves ¢ = 8 terms, in this case, approximately inverting the entire projected Euclidean
Hessian Ax as in the R-TR step, rather than just the dominant term Pg?) as in precon-
ditioned R-NLCG, proves beneficial. Moreover, the cost of the inner iterations of tCG
compared to a single application of (Pg?))_l is not excessive because subsequent appli-
cations of (Pg?))*l are less expensive, resulting in a lower overall timing for R-TR. CG
with rank cap lags behind fixed-rank Riemannian methods, underscoring the necessity
of a proper Riemannian optimization approach over truncation at a fixed rank.

Among methods where the rank is not known a priori, CG with truncation demon-
strates rapid convergence at a consistent rate in terms of iterations but incurs extensive
computation time due to excessive growth of intermediate ranks. Riemannian rank-
adaptive methods exhibit faster convergence in time, with RRAM using R-NLCG emerg-
ing as the fastest among the examined methods. Additionally, the final rank of the
approximate solution is considerably lower for RRAM than for CG with truncation.
However, both RRAMs exhibit oscillatory convergence, characterized by plateaus and
significant fluctuations after rank changes, and the iteration count is higher than CG.

We remark that the computation time of CG with truncation could substantially
benefit from the application of randomized techniques for computing the TSVD [YGL18;
HMT11], which have a linear rather than quadratic cost in (¢7eyy + rp), Where rey
is the rank of the current CG iterate. This improvement would also extend to the
rank-increase steps in RRAMs. Finally, note that the oscillations observed in the initial
iterations of the Riemannian methods are likely a result of random initialization and
could be reduced with a more informed initialization.

Quadratic convergence of R-TR and stagnation of Riemannian truncated
preconditioned Richardson Finally, we analyze the influence of the rank r on the
convergence of fixed-rank Riemannian optimization.

Figure 7.4 illustrates that when a small rank is used (r = 5 in our case), the Rie-
mannian truncated preconditioned Richardson iteration can stagnate and fail to reach
convergence. In this case, it stops even before reaching the maximum number of itera-
tions because the projection of the preconditioned Richardson search direction becomes
an ascent direction for Riemannian optimization. This phenomenon does not occur at
rank r = 40. Referring to the discussion in Section 3.4.6, a reasonable explanation for
this lies in the fact that the error introduced by using the "wrong projection" is more
evident when projecting onto a smaller tangent space.

Furthermore, when the r-th singular value of the exact solution is not too small, as
it is the case for r = 5, one can experimentally observe the local superlinear convergence
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Figure 7.3: FD of 2D PDEFEs with separable variables, with a = 10 and n = 10000. Comparison
of fired-rank Riemannian optimization methods on matrices of rank r = 15, CG with truncation,
CG with truncation and rank cap at v = 15, and RRAMs. Red dots in RRAMs’ plots indicate
rank increases. From left to right: relative residual vs. iterations, relative residual vs. time, and
rank of approximate solution vs. iterations.

of R-TR with Riemannian Hessian when approaching the solution closely enough. We
remark that despite r = 5 being a relatively low rank, all convergent methods reach a
relative residual of about 5-1075. In contrast, at a high rank like r = 40, superlinear
convergence of R-TR with projected Euclidean Hessian is observed, while superlinear
convergence with Riemannian Hessian cannot be experimentally observed.

7.2 Stochastic Galerkin matrix equations

We consider a parameterized steady-state diffusion equation with homogeneous Dirichlet

boundary conditions, given by

-V - (a(z,y)Vu(z,y)) = f(x) inQxT

(7.7)
u(z,y) =0 on 0f)
where the spatial domain is 2, the parametric domain is I' = [-1,1]?, and
a, f: Q2 x T — R have the form:
q q
a(z,y) =ao+ > ap@)ye,  flz,y) = folx) + D frl@) ye- (7.8)
k=1 k=1
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Figure 7.4: FD of 2D PDEs with separable variables, with o = 10 and n = 10000. Comparison of
fixed-rank Riemannian optimization methods on the manifold of matrices with ranks r =5 (left)
and r = 40 (right). The plots depict the Riemannian gradient norm versus iterations. For R-
NLCG with Riemannian truncated preconditioned Richardson search direction, the Riemannian

gradient and norm are computed in the Frobenius metric, while for all other methods they are
calculated in the metric induced by PX = DXD.

Parameterized PDEs of the type (7.7) emerge, for example, from the reparametriza-
tion of stochastic elliptic PDEs where random fields are approximated by their trun-
cated Karhunen-Loeve (KL) expansion. Refer to [LPS14, § 9] and [PSS17; TS07] for
more details. The well-posedness of the weak formulation of (7.7) on L*(T, H}(Q2)) fol-
lows from the Lax-Milgram lemma if there exist constants @™, a™* € R such that
0 < a™® < a(z,y) < @™ almost everywhere in Q x I'. To ensure this condition we
consider the case

q
0< 3 sl < ao. (7.9)
k=1

Stochastic Galerkin methods [BTZ04; DBOO01; LPS14] seek an approximation
to the weak solution of (7.8) in finite-dimensional subspaces of L2(T', H}(Q)) con-
structed by tensorizing finite-dimensional subspaces of H{(Q) and L?(I'). Given

V" = Span{pi(2),. .., pm(x)} C Hy(Q) and SP = Span{yn(y),...,vn(y)} < L*(T),
a finite-dimensional subspace of L?(T', H}(€2)) is constructed as

V" = V" 8P .= Span{pi(x)i(y) :i=1,...,m, j=1,...n}. (7.10)
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The weak formulation of on V" yields the multiterm matrix equation

q q
KoXGy + Y KiXG) = fog) +>_ fiex, (7.11)
k=1 k=1

where for k=1,...,¢q

[Koles = /Q Vs - Ver  [Kilss = /Q Vs - Ve,

[ ] ¢57¢t> [Gk]st— yk¢87¢t>

(7.12)
/ fO‘PS / fk‘Ps;
[80]s = (¥, 1) = [Golsa [8k]s = (s, uk) = [Gilsa
In our experiments, we choose V" to be a finite-element space, with ¢1(z), ..., @m(x)

being the associated FE basis functions, and S? to be the set of multivariate polynomials
of (total) degree at most k. Following [PSS17], an orthonormal basis for S? is constructed
via products of univariate Legendre polynomials.

Due to the choice of an orthonormal basis for SP, we have Gy = I. It can be proven
that G1,...,G4 have at most two non-zero entries per row and their eigenvalues are
contained in the interval [—1,1] [LPS14; EU10]. Moreover, the matrices G have an
arrow-like sparsity pattern, shown in Figure 7.5, making them suitable for Cholesky
decomposition with reordering. Regarding the stiffness matrices K}, conditions (7.9)
guarantee that Ko = 0, while the matrices K7, ..., K, are generally indefinite since the
functions aq, ..., a, might not be strictly positive. Nonetheless, conditions (7.9) imply
that the operator AX = KoXG| + > KkXG,I is positive definite.

Gy Gs G

< =

<

Figure 7.5: Sparsity pattern of the matrices Gy, in (7.11).

Preconditioning The most straightforward preconditioner for (7.11) arises from ap-
proximating the diffusion coefficient a(-,-) with its mean a(x,y) =~ ag, resulting in

PUX = KoXGJ = KoX. (7.13)

The effectiveness of this preconditioner diminishes with an increasing ratio o/u, where
1 = ag is the expected value of the diffusion coefficient, and o is the standard deviation
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[PE09, Theorem 3.8].

An alternative preconditioner, accounting for parameter samples, is obtained in
[KS1la; KT11] by approximating a(z,y) ~ ag + Y.t_; axyr where a; = [qa;j(x). This
results in .

POX = K XGT,  G=Go+Y 2a,. (7.14)
ao
k=1
In our experiments, this preconditioner performed nearly identically to the one proposed

in [UN10], i.e., PX = KoXG' where G = Go + Zi:l <ﬂ(l‘;fu(§>Gk is the matrix that
F

minimizes ||Y%_ G; ® K; — G ® Ko|lp. We opted for P without a specific reason.
Note that both P(!) and P adhere to the form discussed in Section 5.1.

Whenever we invert the preconditioner PX = Ko XG, where G = I, if P = PW), we
need to invert the matrices Ky and G. Therefore, it is convenient to perform a Cholesky

factorization with reordering of Ky and G as a one-time precomputation. To compute
the reordering we used MATLAB’s dissect, which employs nested dissection [KK98;
Dav06]. The time spent on these precomputations is included in the overall timing of
the algorithms but is negligible.

7.2.1 Numerical results

We examine Example 5.1 and Example 5.2 from [PSS17], corresponding to the test
problems 5 and 2 of S-IFISS [BPS17; BPS14]. In both examples, the spatial domain
Q) is a square, and we choose V" to be the set of piecewise bilinear functions defined
on a uniform finite element grid with m = 16129 degrees of freedom, corresponding to
grid-level 7 of S-IFISS. We choose SP to be the set of multivariate polynomials of total
degree at most p = 5, with Legendre polynomials in y1, ..., y, serving as an orthonormal
basis.

For both problems, we establish a target tolerance tol on the relative residual and
define stopping criteria and parameters for CG with truncation and Riemannian opti-
mization following the setup in Section 7.1.1. Additionally, we include in the comparison
the MultiRB solver [PSS17, Algorithm 4.1], utilizing the publicly available implementa-
tion provided by the authors.

Test problem 5 of S-IFISS The problem is formulated on the square spatial do-
main = [0,1] x [0, 1], with a deterministic and constant source function f(x,y) =
fo(x) = 1. The diffusion coefficient follows the form (7.8) with ap = 1, ax(z) =
Yk cos(2mp1 (k) 1) cos(2mpa(k)z2), where v = 0.832 - k=% and p1(k) :== k — s(k)(s(k) +
1)/2, p2(k) = s(k) — p1(k) with s(k) == |~1/2 + /1/4 + 2k|. This problem is exten-
sively discussed in [Eig+14, p. 22]. Notably, the coefficients ~; decay rapidly to zero,
indicating a significantly higher weight for the initial terms. We consider ¢ = 9, retaining
all terms with ~; > 1074, resulting in a multiterm matrix equation with £ = ¢+ 1 =10
terms, and m = 16129, n = 2002.

We set the relative tolerance target for this problem to tol = 107%. Given the rapid
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decay of coefficients ~y; to zero, the most efficient preconditioner proved to be the one-
sided one PMWX = KyX. For fixed-rank Riemannian optimization, we choose the rank
r = 55. In the case of RRAMs, the initial rank is set to rg = 5 and the rank increment
to ryp = 10. Results are shown in Figure 7.6.

Among fixed-rank methods, R-TR with Projected Euclidean Hessian again exhibits
the fastest convergence in terms of iterations. However, R-NLCG also converges within
a relatively low number of iterations, and in terms of overall time it outperforms R-TR.
This can be attributed to the fact that the inner iterations of tCG involve more Hessian-
vector products than the total number of iterations required by R-NLCG to converge.
Notably, when using a preconditioner of the form PMX = KyX, there is almost no
computational gain in applying the inverse of the Riemannian preconditioner for the
same iterate X and multiple right-hand sides n € Tx M,.

Turning to rank-adaptive methods, CG with truncation demonstrates the most con-
sistent convergence rate without excessive growth of intermediate ranks. Despite this
favorable behavior, its convergence in time is slower compared to R-NLCG, whether in
its fixed-rank version or the rank-adaptive variant. Note how the convergence rate of CG
with truncation and fixed-rank R-NLCG are very similar. The MultiRB method proves
to be non-competitive in both iterations and time, exhibiting excessive rank growth of
the approximate solution.

RRAM with R-NLCG emerges as the fastest method in time, primarily due to its
initial low-rank iterations that significantly reduce the residual at a minimal computa-
tional cost. However, the number of iterations is significantly higher than in CG with
truncation, essentially due to numerous iterations where the relative residual stagnates
while fixed-rank optimization is still performed. Removing the plateaus, the conver-
gence rate of RRAM with R-NLCG seems very similar to that of CG with truncation.
Moreover, it is interesting to note that each rank update maintains the residual nearly
constant, without fluctuations, and in the initial fixed-rank optimization steps a sub-
stantial decrease in residual is promptly noticeable. On the contrary, RRAM with R-TR
exhibits the slowest convergence in time, mainly attributed to the worse performance of
fixed-rank RTR compared to fixed-rank R-NLCG.

Considerations regarding potential method enhancements are similar to those men-
tioned earlier. Specifically, both CG with truncation and the rank increase steps in
RRAMs could benefit significantly from the application of randomized techniques for
TSVD calculation. More importantly, the introduction of residual estimation techniques
[Mey+21; PCK22; GT18; BK21] could effectively prevent stagnation in RRAMs.

Test problem 2 of S-IFISS The problem is defined on the square spatial domain

Q = [~1,1] x [~1,1], with a deterministic source function f(z,y) = (2—2% —23)/8. The
diffusion coefficient takes the form of a truncated Karhunen-Loéve expansion

a(z,y) = ap + oV3 i VARG () Yk (7.15)
k=1
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Figure 7.6: Stochastic Galerkin matriz equations, test problem & from S-IFISS (m = 16129,
n = 2002). Comparison of fized-rank Riemannian optimization methods on the matrices of rank
r = 55, CG with truncation, MultiRB, and RRAMs. Red dots in RRAMs’ plots indicate rank
increases. From left to right: relative residual vs. iterations, relative residual vs. time, and rank
of approximate solution vs. iterations.

where ag = 1 and {(\g, ¢r)}72; are the eigenpairs of the integral operator associated
with the covariance function

Cla)(z, ) = 0% exp (_\x—lmHl)
which can be computed analytically [LPS14, § 7]. This problem is extensively discussed
in [BPS14]. We set the correlation length to | = 2, the standard deviation to o = 0.3,
and retain the first ¢ = 8 terms of the KL expansion. This results in a multiterm matrix
equation with £ = 9 terms, and m = 16129, n = 1287.

It is worth noting that the value ¢ = 0.3 corresponds to a relatively high standard
deviation of the truncated diffusion coefficient, making the problem more challenging
and requiring a much larger rank to adequately approximate the solution. Moreover, the
eigenvalues \i, which determine the weighting of the terms ¢y, in (7.15), have much slower
decay to zero than the ~;’s in the previous problem. Consequently, in this example, the
most efficient preconditioner proved to be the two-sided one PP X = Ky XG.

We set the relative tolerance target for this problem to tol = 107°. For fixed-rank
Riemannian optimization, we choose the rank r = 180. For RRAMS, the initial rank is
set to 79 = 30 and the rank increment to ry, = 30. Results are shown in Figure 7.7.

The behavior of fixed-rank Riemannian methods mirrors the patterns observed in the
previous example, where R-TR exhibits fewer outer iterations compared to R-NLCG,
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7.2. Stochastic Galerkin matrix equations

although the latter proves to be more efficient in time. The convergence rate of CG
with truncation aligns with that of fixed-rank R-NLCG, but as the rank of CG iterates
increases, CG iterations become slower. Note also how, since the rank is higher than
in the previous example, the benefits of fixed-rank Riemannian optimization over CG
with truncation are less evident. RRAM with R-NLCG demonstrates competitiveness
with CG in time, but the number of iterations is considerably higher, primarily due to
numerous iterations where the residual stagnates. MultiRB proves to be the most time-
efficient method, especially up to a relative residual around 10~%; however, the rank of
the approximate solution grows considerably.

Notably, the final rank achieved by RRAMs is significantly lower than that of Mul-
tiRB and slightly lower than that of CG. Consequently, the Riemannian rank-adaptive
method with R-NLCG emerges as a competitive alternative in terms of time and final
rank of the approximate solution. However, in terms of iterations, CG with trunca-
tion proves to be better. We emphasize once again that a nonrandom initialization and
the application of techniques for mitigating plateaus through residual norm estimation
would further improve the convergence speed of RRAMs, bringing them closer to CG in
terms of iterations.
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< .
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Figure 7.7: Stochastic Galerkin matriz equations, test problem 2 from S-IFISS (m = 16129,
n = 1287). Comparison of fixed-rank Riemannian optimization methods on the matrices of rank
r = 180, CG with truncation, MultiRB, and RRAMs. Red dots in RRAMs’ plots indicate rank
increases. From left to right: relative residual vs. iterations, relative residual vs. time, and rank
of approximate solution vs. iterations.
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7.3 Modified Bilinear Rail problem

We consider the bilinear reformulation of the Rail (or Steel Profile) example from the
Oberwolfach collection [BS05]. This bilinear control system arises from the optimization
problem of cooling steel profiles and takes the form

¢
Mi(t) = (—A)x(t) + Z Nz (t)u;(t) + Bu(t), y(t) = Cx(t), (7.16)

where A, M € R™™ ™ are symmetric positive definite matrices, N; € R"*™ is symmetric
forall i = 1,...,¢, B € R and C € R"™*". As discussed in [BB13; BD11], the
reachability Gramian corresponding to (7.16) solves the multiterm Lyapunov equation
(1.2), where F = BB is the right-hand side.

This example poses challenges due to the non-uniform FEM mesh, resulting in a
mass matrix M with a relatively high condition number (ko(M) ~ 350 for the chosen
refinement level). As outlined in [Vanl0, § 8.2.3], this renders the Lyapunov precondi-
tioner PX = AX+ X A, obtained from the dominant term by approximating M = I, less
effective. The matrices were obtained from the M-M.E.S.S. toolbox [SKB23], resulting
in a multiterm linear matrix equation with size n = 5177 and ¢ = 6 terms. We adjusted
the matrices by modifying the constants related to the rail profile material as follows:
p and v, were divided by 102, A and ¢ were divided by 10, and uey; was multiplied
by 10%2. This adjustment was necessary because otherwise the terms in N; would be
practically negligible, making the solution of the multiterm Lyapunov equation almost
coincide with solving the generalized Lyapunov equation AXM T+ MXA" = BBT. We
verified numerically that the assumptions of [Dam08, Lemma 5.1] are satisfied, guaran-
teeing positive definiteness of the operator 4 and the existence of a symmetric positive
semidefinite solution for any symmetric positive semidefinite right-hand-side. Further-
more, for the right-hand side of the multiterm Lyapunov equation, we considered BB
where B contains the first and last columns of the matrix B from the M-M.E.S.S tool-
box. Although these modifications result in the loss of the original physical meaning
of the equation, they yield a challenging multiterm Lyapunov matrix equation with a
nontrivial mass matrix M.

Preconditioning A preconditioner is derived from the dominant generalized Lya-
punov term P X = AXM + M X A. For Riemannian optimization, we compare it with
the Lyapunov preconditioner PUOX = AX + X A from [VV10], obtained by approximat-
ing M ~ I.

7.3.1 Numerical results

We set a target tolerance tol = 107% on the relative residual. In CG with trun-
cation, the following values of truncation tolerances have shown satisfactory perfor-
mance. For truncation of the iterates Xj, we employ a relative truncation tolerance
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7.3. Modified Bilinear Rail problem

erel = 1074 - tol = 10719, Regarding the truncation of Ry and Py, we set ;¢ = 1072-tol
and e,ps = 1074 - tol, using the same notation as in (1.12). Finally, we do not truncate
Q- In Riemannian optimization, we define stopping criteria and parameters following
the setup in Section 7.1.1. As an initialization strategy, we perform enough fADI steps
for the generalized Lyapunov equation AXM+MXA = BB until we reach the desired
rank. For fixed-rank Riemannian optimization, we choose the rank r = 150. In the case
of RRAMs, the initial rank is set to r9 = 25, and the rank increment to ry, = 25.
Results are shown in Figure 7.8.

Note that the computational cost of applying exactly the inverse of the Riemannian
preconditioned derived from P@X = AXM + MXA is extremely high. To achieve
convergence within a reasonable timeframe, it is more practical to employ a few steps
of tangADI. Specifically, applying the exact preconditioner from Section 6.2.3 involves
solving 4r + 1 linear systems with each of the r matrices (A 4+ \;M), totaling 472 + r
linear systems of size n, plus the final 72 x r2 system. In contrast, tangADI requires
solving only r linear systems with matrix (A 4+ p;M) per tangADI step. Given the
relatively high rank r = 150, one iteration of R-NLCG with a few steps of tangADI
is considerably more efficient than using the exact preconditioner’s inverse. Using 8
steps of tangADI shows satisfactory performance, with the use of such an approximate
inverse of the Riemannian preconditioner not significantly impacting the iteration count
compared to the exact one, resulting in substantially lower convergence times for R-
NLCG with tangADI. More precisely, a single iteration with the exact application of
the preconditioner’s inverse is approximately 4 times slower than the entire convergence
time with tangADI.

Moreover, adopting a one-sided Lyapunov preconditioner PN X = AX + X A leads
to a higher iteration count and longer timings, consistent with observations in [VV10].
This is because k(M) =~ 350, and consequently, the approximation M = I is too crude
to provide an effective preconditioner. The use of R-TR with projected Euclidean Hes-
sian and tangADI preconditioner does not provide benefits in terms of outer iterations,
and as a result the total execution time is higher than R-NLCG due to the Hessian-
vector products in the inner tCG iterations. Note that also for tangADI there is no
computational gain in applying the preconditioner for the same iterate X and multiple
right-hand sides n € TxS;/ .

Preconditioned CG with truncation converges in only 3 iterations without excessive
rank growth, and is therefore the best method in terms of iterations. Despite this
excellent performance of CG with truncation, fixed-rank R-NLCG with tangADI shows
comparable performance in time, albeit requiring a higher number of iterations. The
RRAM shows a slightly slower convergence time, but attains a lower final rank than
CG with truncation. It is remarkable that even in this case, where CG with truncation
shows excellent performance, Riemannian methods show a comparable performance in
time, both in their fixed-rank and in their rank-adaptive variants. However, the number
of iterations of the RRAM is about 10 times higher than that of CG with truncation,

mainly due to numerous plateaus.
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Figure 7.8: Modified Bilinear Rail problem (n = 5177). Comparison of fixzed-rank Riemannian
optimization methods on symmetric positive semidefinite matrices of rank r = 150, CG with
truncation and RRAM. Red dots in the RRAM’s plots indicate rank increases. From left to right:
relative residual vs. iterations, relative residual vs. time, and rank of approximate solution vs.
iterations.
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Chapter 8

Conclusions

This concluding chapter summarizes the main findings of the thesis, offering a compre-
hensive perspective on the results and presenting insights for potential enhancements
and future developments.

The central focus of this thesis was the resolution of multiterm linear matrix equa-
tions through preconditioned Riemannian optimization on low-rank matrix manifolds.
Building upon earlier works, notably [Vanl0; KSV16], we underscored the pivotal role
of preconditioning in the low-rank Riemannian approach. However, the challenge laid
in identifying preconditioners that not only exhibited commendable performance, but
also aligned with the low-rank structure of the manifold. This research contributed
by developing effective preconditioners for multiterm linear matrix equations, provid-
ing insights on the convergence guarantees of the associated preconditioned Riemannian
optimization algorithms. Specifically, we considered preconditioners derived from domi-
nant terms in the operator A, of the forms PX = FXD or PX = AXD + EXB, where
A,B,D,E ~ 0.

In Section 3.4, we interpreted Riemannian preconditioners as metric changes, allow-
ing to extend the convergence guarantees of the corresponding Riemannian algorithms
to the preconditioned case. Furthermore, we clarified the limitations of the Riemannian
truncated preconditioned Richardson iteration in our setting, emphasizing its possible
failure due to a "wrong projection” of the preconditioned Euclidean gradient, particularly
on matrix manifolds with very low rank. This insight was corroborated by numerical
experiments.

Motivated by the goal of utilizing the entire operator A for preconditioning, rather
than just a dominant term P, we proposed the use of the projected Euclidean Hessian
as a model Hessian for R-TR. This choice exhibited advantages over the Riemannian
Hessian, including (1) the positive definiteness of the resulting model Hessian, facilitat-
ing the resolution of the trust-region subproblem via tCG; and (2) eliminating issues
related to inverting the singular values’ matrix for numerically rank-deficient iterates.
Numerical experiments showcased a superior performance of this approach over R-TR
with the Riemannian Hessian, the method employed in [VV10] for an efficient solver for
generalized Lyapunov equations. Importantly, we established in Proposition 4.3 that,
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for the chosen cost function, using the projected Euclidean Hessian as a model Hes-
sian preserves local quadratic convergence to the exact solution of the multiterm linear
matrix equation, if it is on the manifold.

A contribution of this work is the development of computationally efficient methods
for applying Riemannian preconditioners derived from two-sided operators PX = EXD
and PX = AXD + EXB. Numerical experiments demonstrated that these two-sided
preconditioners can significantly accelerate convergence compared to their one-sided
counterparts. Furthermore, for the computationally demanding generalized Sylvester
preconditioner, a viable alternative is presented through a few iterations of the tangADI
algorithm. The advantages of this approximate preconditioner are especially evident
when the rank r is not negligible compared to the size of the coefficient matrices.

Lastly, by alternating between fixed-rank Riemannian optimization and rank up-
dates, we devised a rank-adaptive method that proved competitive with established
low-rank solvers for multiterm linear matrix equations, such as CG with truncation and
MultiRB. Significant computational advantages of the RRAM become apparent when
CG with truncation exhibits excessive growth of intermediate ranks. Additionally, in
our experiments, RRAM displayed the capability to find approximate solutions of lower
final rank compared to the other algorithms.

8.1 Future outlooks

One of the primary limitations of this study lies in its strong reliance on the positive
definiteness assumption on A, shared with the related works [VV10; KSV16]. However,
interesting applications of multiterm linear matrix equations exist where this assumption
is not met; see, e.g., [KS15; BB13; KT11; PK21]. Extending the Riemannian approach
to the case where A is invertible but nonsymmetric or indefinite is an interesting av-
enue for future research. One possibility is to resort to normal equations, equivalent to
minimizing the Frobenius norm of the residual. However, this approach encounters two
main obstacles. Firstly, both the number of terms in the equation and the rank of the
right-hand side increase by a factor ¢, where £ is the number of terms in A, leading to a
proportional rise in the computational complexity of computing the cost, the gradient,
and the Hessian. Secondly, and more significantly, the condition number gets squared,
accentuating the need for effective preconditioners. If A has a generalized-Sylvester-
like dominant term P, the term P ' P, usually a good preconditioner for A" A, loses its
Sylvester structure due to the presence of cross-terms, needing new dedicated techniques
to invert the corresponding Riemannian preconditioner Projy o (P P) o Projy. Hence,
applying a preconditioned low-rank Riemannian approach to nonsymmetric or indefinite
cases requires further exploration and study.

Additionally, it is important to note that our work assumed the low-rank approx-
imability of the solution, as a basis of the low-rank Riemannian approach. Although
beyond the scope of this study, providing theoretical results in this regard, possibly with
less restrictive hypotheses on the coefficient matrices than [BD11], would be a valuable
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direction for future investigations.

For Riemannian preconditioners arising from operators like PX = FEXD or
PX = AXD + EXB, one of the main computational costs, especially when r is not
negligible compared to n and m, arises from solving linear systems with matrices F, D
or (A+ AE), (B + uD). Efficiently solving these linear systems is crucial to the pre-
conditioner’s performance. The use of preconditioners as approximate inverses for these
matrices could enhance the efficiency of the overall method, especially considering that
the shifts are often close to each other. This aligns with observations in [Vanl0], and
further exploration into this aspect could contribute to computational efficiency. More-
over, the convergence of tangADI when multiple shift parameters are employed remains
an open question.

In this work, we mainly focused on fixed-rank Riemannian optimization, with a rank-
adaptive method incorporated for fair comparison with algorithms lacking knowledge of
the solution’s rank in advance. Given the satisfactory performance of RRAMs, future
efforts could be directed towards improving their computational efficiency and gaining
a better understanding of their convergence properties. Techniques akin to those used
in [Zho+16; SU15] could be explored for convergence proofs. To gain in computational
efficiency, randomized linear algebra techniques offer a promising avenue. Randomized
TSVD [YGL18; HMT11] could be employed in rank-update steps. It is worth men-
tioning, for fair comparison, that CG with truncation would also benefit substantially
from randomized TSVD in the truncation steps. Additionally, efficiently estimating the
residual norm [PCK22; BK21] would allow immediate progression to the subsequent
rank once stagnation is detected, mitigating the often-observed plateaus and reducing
the number of iterations.
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Appendix A

Convergence of RTR with tCG

A.1 Proof of Proposition 3.11

Lemma A.1. Let M be a Riemannian manifold equipped with a retraction R. Let
X, € M, then there exists constants § > 0 and ¢ > 1 such that R is well-defined on

V(X,,0) ={(X,§) € TM : dist(X,, X) < 4,[|¢][x <} € TM

and

dist(X,Rx(§)) < cllgllx, V(X8 € V(X,,0)
Proof. Follows from [Bou23b]. O

Proposition 3.11 (Local convergence of R-TR with tCG). Let X, € M be a non-
degenerate local minimizer of f, i.e., gradf(X,) = 0 and Hessf(X4) > 0. Assume that
in a neighborhood of X, the model Hessian Hy : Tx M — T x M is positive definite and
X = |[Hyl|lx, X = |[HY | x are bounded. Then Riemannian Trust-Region with tCG is
locally convergent to X,.

Proof. We reproduce almost verbatim the proof of [AMS08, Theorem 7.4.10], to show
that it can be easily adapted with only local arguments.

Take ¢ and ¢ as in Lemma A.1. Due to all the assumptions, there exists d; < ¢
such that Hy is positive definite in Bs, (X,), that |Hx|| and ||Hy'| are bounded on
Bs, (X,), that X, is the only critical point in Bg, (X), and that f(X) > f(X,) for all
X € By, (%) \ {X.).

For all X € Bs, (X,) let us denote n*(X) = —H ' (gradf(X)) and let n*“%(X, A) be
the tangent vector returned by tCG when X = X and Ap = A. Take do < 1 small
enough such that ||n*(X)|y < (6 — &2) for all X € Bs,(X,). Such a d, exists for
the bound on ||[Hy!|| and [AMS08, Lemma 7.4.8]. Consider a level set £ of f such that
U= LN Bs,(X,) C Bs,(Xs) and U # (). Such a level set exists because f is smooth,

see for instance [Bou23a, § 10.4]. Then U is a neighborhood of X,.
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A.1. Proof of local convergence of RTR with tCG

Let X € U and A > 0, since the iterates of tCG grow in norm [CGT00, Theo-
rem 7.5.1], it holds HntCG(X, A)HX <|In*(X)|l x. We have

[, a) < (0l < -6 ) < 26 <,
thus (X, n*CG (X, A)) € V(X,,9) and
dist(X, X1) < dist(X, R (1" (X, A))) < e [ X A) | < el (Ol < (61— 62).
Therefore, X € Bs,(X,), and since f(Xy) < f(X) it follows X € U.
Thus, if X € U for some k then all subsequent iterates stay in U C Bs,(Xy).

Since By,(X,) is compact and (3.12) holds in U, by Proposition 3.9 it holds
limg o0 [lgrad f(Xg)[lx, = 0. But the only critical point of f in U is X, and there-

fore X — X,. ]
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